EE 102 Homework #4 Solutions

Fall 2001 Professor Paganini

1. (a)

0 ift <2
t) = u(t —2)e* =
f#) = ul )e {e—2t if t > 2.

F(s) = / u(t—2)62te_5tdt:/ e~ =2ty
0 2

o(s=2)t t=00 oho—2s
oo, "6y

with DOC Re[s] > 2.

u(t) —u(t—1) +u(t —2) —u(t —3)
B 1 if0<t<lor2<t<s3
B 0 Otherwise.

F(s) = /1 e Sldt + /3 e *ldt

0 2
)T [ s 0
2

= t=0 t=2

ifs=0
_ Ja—es e T —e)/s ifs#0
2 if s =0
_ Ja—e)(1+e®)/s ifs#0
2 if s =0

The DOC is the entire s-plane.

2. (a) Lle *u(t)] = with DOC Re[s] > Rela].

"
f(t) = elu(t) + e 2 u(t)
Pls) = |

s—1 + s+ 2
with DOC Re[s] > 1. Uses linearity.




f@) = u(t—m)ecos(t) = —e"cos(t — m)u(t — )
since cos(t — m) = —cos(t).
L [e'cos(t)u(t)] = % with DOC Re[s] > 1.

Hence, by property 6 (Delay property),

where g(t) = t2e~t. By Property 4,

F(s) = G’is)
Now, .
Ll =5

with DOC Re[s] > —1. By Property 5,

L= () = e

with DOC Re[s] > —1. Using Property 5 again,

- d 1 2
L) = 5 (Gre) ~ e oo
Hence 9
R

The DOC is now Re[s] > 0 (as also seen from the fact that f(t) is an increasing
function of t and hence its integral doesn’t exist).



') = 2ut) —u(t—1)] —45(t — 1) + 2[u(t — 1) — u(t — 2)]
= 2u(t) —u(t—2)] —46(t —1)
df
227 2(t-2)
(-4)

LI"(®)] = 2L[u(t)] - 2L{u(t - 2)] - 4L[5(t — 1)]
2 2 _2(1-e)

= Z_ — e
S S S

—4eF

Actually, the above equations are valid only for s # 0. For s = 0, using the definition,

LIf"(1)] = / " (2fut) — u(t — 2)] — 46(¢ — 1)dt = 0

0

Hence, the DOC is the entire complex plane. Now,
L(f"(t)] = sL[f'(t)] — f'(0-)
Since f'(0—) = 0 (note it’s the limit from the left):

_ 6—28 oS
Lif()] = <1> L (r)] = 2L~ )_45 ifs £ 0.

S S

If s=0, N
LIl = [ e =o



The DOC is again the entire complex plane.
Since f(0—) =0,

— 2 e—5
L) = (3o =215 - s 0

S

s
o0 2
For s =0, L[f(t)]= / f(t)dt = 3
0
The DOC is again the entire complex plane.
4. We will use the expansion of F'(s) into partial fractions to get f(t).
(a)
s+ 11 s+ 11 A B

T 2-3s+4 (s+1)(s—4) (s—|—1)+(3—4)

L [+ _ ol o [s1] 4+

Cls—4],, -1-4 7 Cls+1l],,  4+1

F(s) = —2 + 5 — f(t) = (=27t + 3e)u(t)

(s+1) (s—4)
(b)

F(s) 4s + 10 4s 4+ 10 A B(s+3)+C

S) = = = — A

$3+6s2+10s  s[(s+3)2+1] s (s+3)2+1

We have

4s+10 = A[(s +3)? + 1] + s(Bs + 3B+ C)

Comparing coefficients of different powers of s on both sides, we get

0 = A+B
= 6A+3B+C
10 = 104

which are easily solved to give A=1, B=—-1,C=1. So

Py = Ly D3 +1

T a0 JW = ul) +e T mcos(t) + sin(h)]u()




Fls) = 252 —s—5 A ,_B . C
T 5-12s+3) s—1 (5—12 s+3
252 —s—5 252 —s5—5
|: S + 3 :|sl ’ C |: (8 - ]‘)2 :|53

To find A, we let s = 0 in the partial fraction expansion and get

5 1
—=—-A+(-1)+- = A=1
3 * )+3
1 (=1) 1 ¢

LIF'®] = sLIf@)] = f(07) = s[F(s)]
LIf"®) = sLIF'(O] = £1(07) = s°[F(s)]

Taking Laplace transform on both sides of the differential equation,

s2F(s) + asF(s) + F(s) = %

(a) By the Initial Value Theorem,

. T - 1
Jum £1) = lim [sF(s)] = lim ooy =0

which is independent of «.
(b) The Final Value Theorem states that

lim f(t) = lim [sF(s)]

t—+o00 s—0t

if the poles of F(s) lie at 0 or strictly on the left half of the complex plane.
The poles of F(s) are at s = 0 and at

—atvVa?-4

51,2 5



51,2 are real for > 2 and a < 2.

For a > 2, Va? —4 < a,s0 512 <0.

For a < -2, Va? —4 < —a, so 512 > 0.

Hence, the Final value theorem is valid if & > 2 and not for o < —2.

51,2 are complex for —2 < o < 2.

For 0 < @ < 2, Re[s1 2] = —§ < 0.

For —2 < o <0, Re[s1 2] = =5 > 0.

For o = 0, s1 2 = +i. Hence, the Final value theorem is valid for 0 < oo < 2 and not for
—-2<a<.

So, if a > 0, the Final Value Theorem is valid, and

1
tJ«r:lwf( ) 0t (2 +as+1)

If @ < 0, then the poles satisfy Re[s; 2] > 0. Using the partial fraction expansion

A B C
F(s) ==
(S) S+S—81+8—82

we see that f(t) will be of the form f(t) = Au(t) + Be®'tu(t) + Ce®?'u(t). The
magnitude of the complex exponential is eftelsilt and goes to infinity as t — +o0.

If =0, then f(¢) contains sin(¢) or cos(t), and does not have a limit as ¢ — +o0.
Ifa=1,

T 1 _ A, Ms+N
_5(52—|—s+1)_S[(3+%)2+(§)Q]_s s24+s+1°

F(s)

Multiply by s, evaluate at s =0: = A =1.
Multiply by s, limit as s > 00: = 0=A+ M =M = —1.

Evaluateat s=—-1: =—= —1=—A- M+ N =—N = —1.
1 _ V3

Use formula given in class (« = —5, 8= %>, M = N = —1), to get

1 —s—1 _t V3 1 . V3
F(S):;+(S+%)2+(§)2 — f(t):u(t)+e 2 _COS(Tt)_% Y-




