z-Transform

« The DTFT provides afreguency-domain
representation of discrete-time signals and
LTI discrete-time systems

e Because of the convergence condition, in
many cases, the DTFT of a sequence may
not exist

o Asaresult, it Is not possible to make use of
such frequency-domain characterization in
these cases
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z-Transform
* A generalization of the DTFT defined by

X(el®)= 3 xn]e i

N=—c0

|leads to the z-transform

o z-transform may exist for many sequences
for whichthe DTFT does not exist

 Moreover, use of z-transform techniques
permits simple algebraic manipulations

Copyright © 2001, S. K. Mitra



z-Transform

o Consequently, z-transform has become an
Important tool in the analysis and design of
digital filters

e For agiven sequence g[n], its z-transform
G(2) Isdefined as

6= Ygnz"

N=—0o0
where z= Re(2) + ]Im(2) isacomplex
variable

Copyright © 2001, S. K. Mitra



z-Transform

e |fwelet z=r ej‘*’, then the z-transform
reducesto

G(rel®) = § g[n]r "elon

N=—o0

* The above can be interpreted asthe DTFT
of the modified sequence{g[n]r "}

e Forr=1(i.e, |7 =1), ztransform reduces
to ItsDTFT, provided the latter exists

Copyright © 2001, S. K. Mitra
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z-Transform

e Thecontour |z| = 1isacirclein the z-plane
of unity radius and is called the unit circle

e Likethe DTFT, there are conditions on the
convergence of the infinite series

ig[n] z "

N=—00
e For agiven sequence, the set ‘R of values of

z for which its ztransform converges is
called the region of conver gence (ROC)

Copyright © 2001, S. K. Mitra



z-Transform

e From our earlier discussion on the uniform
convergence of the DTFT, it follows that the
Series

G(rel®)= yg[njr e ler
N=—00
convergesif {g[n]r "} isabsolutely
summable, I.e,, If

o0

g[n]r " <o

N=—00
Copyright © 2001, S. K. Mitra



z-Transform

* In genera, the ROC ‘R of az-transform of a
sequence g[n] I1s an annular region of the z-
plane:

Ry- <2 < Ry~

* Note: The z-transform isaform of a Laurent
series and is an analytic function at every
point in the ROC
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z-Transform

Example - Determine the z-transform X(2)
of the causal sequence X[ n] =a"y[Nn] and its
ROC _ _

Now X(2)= Ya'pn]z"= Sa"z™"

N=—o0 n=0

The above power series convergesto

X (2) = . for ‘oc z‘l‘<1

1-az?t
ROC isthe annular region |Z] > |o/

Copyright © 2001, S. K. Mitra



z-Transform

 Example - The z-transform p(z) of the unit
step sequence p[n] can be obtained from

1

X (2) = - forazt<1
1-az* ‘ ‘
by setting o = 1.
1 1
n(z)= , for z-<1
1-71

» ROC isthe annular region 1<|z/ <«

Copyright © 2001, S. K. Mitra



10

z-Transform

* Note: The unit step sequence p[n] Is not
absolutely summable, and henceits DTFT

does not converge uniformly

 Example - Consider the anti-causal
sequence

yin] =—a"p[-n-1]

Copyright © 2001, S. K. Mitra



z-Transform

o |tsz-transformisgiven by

-1 00
Y(2)= Y-a"z"=—Sa "™
N=—o0 m=1
1 oc_lz
=—Q Z Zoc_m M= — —
m=0 l-o "z
1 _
= ., for ‘oc 12‘ <1
l-az

« ROC isthe annular region |z <o

11
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z-Transform

e Note: The z-transforms of the two
sequences o"'u[n] and —a"y[-n-1] are
Identical even though the two parent
sequences are different

* Only way a unigue sequence can be
assoclated with a z-transform Is by
specifying its ROC

12 _ _
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e TheDTF

z-Transform

G(e!®) of asequence g[n]

converges uniformly if and only If the ROC
of the z-transform G(z) of g[n] includes the

unit circle

e The existence of the DTFT does not always
Imply the existence of the z-transform

13
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z-Transform
 Example - The finite energy sequence

SiNw:N
th[n]: Tch , —oO<N<K<

hasaDTFT given

H p (') =+

Yy
1, 0<o<o

0, o.<®<m

which converges in the mean-square sense

14
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z-Transform

» However, h p[n] does not have a z-transform
as It 1s not absolutely summable for any value
of r

e Some commonly used z-transform pairs are
listed on the next dlide
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Table 3.8: Commonly Used z-
Transform Pairs

Sequence z-Transform ROC
é[n] l All values of z
1
juln] =3 1z]| > 1
1 =2
1
a” wn] = 1z| > ||
l —az

1 — (rcos m{,)z*l

(r" cos wen)pun] lz| = r

] — (2rcoswg)z=! + r2z—2
(r sinwgy)z ™!
] — 2rcoswp)z™1 +r2z—2

(r" sin won) p[n] 1z] > r

16 _ _
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Rational z-Transforms

e Inthecaseof LTI discrete-time systemswe

are concerned with in this course, all
pertinent z-transforms are rational functions

of 27
o That is, they areratios of two polynomials
inz
P(2) _po+ Pz 4+ pyaZ M D+ pyz

G(z)=— ==
( ) D(Z) dO+dlz_1+""+dN_1Z_(N_1)+dNZ_N

17 _ _
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Rational z-Transforms

* The degree of the numerator polynomial
P(2) isM and the degr ee of the denominator
polynomial D(z) isN

e An alternate representation of arational z-
transform is as aratio of two polynomialsin
Z

1.
“t+ Pv—1Z2+ Pwm

G(2) = J(N- |\/|)I3oZ +p12

dOZ + dlz 1

+dN 1Z-|- dN

18
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Rational z-Transforms

* A rational z-transform can be alternately
written in factored form as

M -1
G(Z) _ pOHﬁrl(l_ @ Z_l
dOHg_l(l_ ﬁ%z )

_ (N-M) pol )y (z—&))
dOHg_1(Z /18)

Copyright © 2001, S. K. Mitra
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Rational z-Transforms

e Ataroot z=¢£, of the numerator polynomial
G(&,) =0, and asaresult, these values of z
are known as the zer os of G(2)

e Atarootz= A, of the denominator
polynomial G(4,) — «, and as aresullt,
these values of z are known as the poles of
G(2)

Copyright © 2001, S. K. Mitra
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Rational z-Transforms

Consider
G(Z) Z(N M) pOH(—]_(Z é:f)

dOHg—l(Z /18)
Note G(2) has M finite zeros and N finite
poles
If N> M there are additional N — M zeros at
z= 0 (the origin in the z-plane)

If N <M there are additional M — N poles at
z=0
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Rational z-Transforms
 Example - The z-transform

1
7) = . forjz>1
@)=y forz

hasazeroatz=0andapoleatz=1

Im =

Region of
convergences
\{} Rez

Zemoatz=10

22 _ _
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Rational z-Transforms

* A physical interpretation of the concepts of
poles and zeros can be given by plotting the

log-magnitude 2010g;5/G(z) as shown on
next slide for
1-2471+288772

G(2) =
1-0.8z1+0.6472

Copyright © 2001, S. K. Mitra
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Rational z-Transforms

Copyright © 2001, S. K. Mitra



Rational z-Transforms

e Observe that the magnitude plot exhibits
very large peaks around the points
2=0.4% ] 0.6928 which are the poles of
G(2)

o |t also exhibits very narrow and deep wells

around the location of the zeros at
2=12+]1.2

25 _ _
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ROC of a Rational
z-Transform

 ROC of az-transform is an important
concept

 Without the knowledge of the ROC, thereis
no unigue relationship between a sequence
and Its z-transform

e Hence, the z-transform must always be
specified with its ROC

26 _ _
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ROC of a Rational
z-Transform

 Moreover, If the ROC of az-transform

iIncludes the unit circle, the DTFT of the

seguence Is obtained by ssimply evaluating
the z-transform on the unit circle
 Thereisareationship between the ROC of
the z-transform of the impulse response of a
causal LTI discrete-time system and its
BIBO stability

27 _ _
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ROC of a Rational
z-Transform

« The ROC of a rational z-transformis
bounded by the locations of its poles

e To understand the relationship between the
poles and the ROC, it Isinstructive to
examine the pole-zero plot of az-transform

e Consider again the pole-zero plot of the z-
transform p(2)

28 _ _
Copyright © 2001, S. K. Mitra



29

ROC of a Rational
z-Transform

lmz
Region of
COonvergences
k{} h

 Inthisplot, the ROC, shown as the shaded
area, Isthe region of the z-plane just outside
the circle centered at the origin and going
throughthepoleat z=1

Zeroatz=0

Copyright © 2001, S. K. Mitra



ROC of a Rational
z-Transform

 Example - The z-transform H(z) of the
seguence h[n] = (0. 6) u[n] is glven by

1
H(z)= s —
1+ 0.6z
2>06 \CDK ..

Zeroatz=0

 Herethe ROC isjust outside the circle
1 going through the point z=-0.6
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ROC of a Rational
z-Transform

* A seguence can be one of the following
types: finite-length, right-sided, |eft-sided
and two-sided

 In genera, the ROC depends on the type of
the sequence of Interest

31 _ _
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ROC of a Rational
z-Transform

 Example - Consider afinite-length sequence
g[n] defined for —-M <n< N, whereM and
N are non-negative integers and |g[n] < «

e |tsz-transform isgiven by

N+I\/I g[n M]ZN+I\/I —Nn

Z

N
G(29= X glnz "= N
n=—M

32 _ _
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ROC of a Rational
z-Transform

* Note: G(2) has M polesat z=o and N poles
az=0

* Ascan be seen from the expression for
G(2), the z-transform of afinite-length

bounded sequence converges everywhere in
the z-plane except possibly at z= 0 and/or at

/=0

33 _ _
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ROC of a Rational
z-Transform

 Example - A right-sided sequence with
nonzero sample valuesfor n>01s
sometimes called a causal sequence

e Consider acausal sequencey[n]
e |tsz-transform isgiven by

U1(2) = iul[ njz™"
n=0

34 _ _
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ROC of a Rational
z-Transform

e |t can be shown that U4(z) converges
exterior to acircle |z = Ry, including the
point z= oo
* On the other hand, aright-sided sequenceu,[n]

with nonzero sample values only for n>-M
with M nonnegative has a z-transform U, (z2)

with M polesat z =
 The ROC of U,(2) isexterior to acircle
2 =Ry, excluding the point z =

35 _ _
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ROC of a Rational
z-Transform

 Example - A left-sided sequence with
nonzero sample valuesfor n<01is
sometimes called a anticausal sequence

e Consider an anticausal sequence V[ n]
e |tsz-transform isgiven by

0
Vi(2) = > w[n]z™"

N=—o0

36 _ _
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ROC of a Rational
z-Transform

e |t can be shown that V;(z) converges
interior to acircle |z = Ry, including the
pointz=0

* On the other hand, aleft-sided sequence

with nonzero sample valuesonly for n< N
with N nonnegative has a z-transform V,(z)

with N polesat z=0

 The ROC of V,(2) isinterior to acircle
2/ =Ry, excluding the point z= 0

37 _ _
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ROC of a Rational
z-Transform

e Example - The z-transform of atwo-sided
sequence w[n] can be expressed as

W(2)= Ywnz"= Zw[n] 704 Sz
N=—0o0 N=—0o0
e Thefirst term on the RHS, > oWn]z",
can be interpreted as the z-transform of a
right-sided sequence and It thus converges
exterior to the circle |z = Rs

38 _ _
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ROC of a Rational
z-Transform

» The second term onthe RHS, Y X __ w{n] z™"
can be interpreted as the z-transform of aleft-
sided sequence and it thus converges interior
tothecircle|z = Rg

* If R5 <Ry, thereisan overlapping ROC
givenby Rs <z < Rg

e If R5> Ry, thereisno overlap and the
Z-transform does not exist

39 _ _
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ROC of a Rational

z-Transform
 Example - Consider the two-sided sequence

u[n] = a"
where a can be either real or complex
o Its z-transform IS given by

U (2) = Zoczn Zocz +Zoczn

N=—0o0 N=—0o0
e Thefirst term on the RHS converges for
Z> whereas the second term converges
for|z <

40 _ _
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ROC of a Rational
z-Transform

* Thereisno overlap between these two
regions

e Hence, the z-transform of u[n] = a." does
not exist

41 _ _
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ROC of a Rational
z-Transform

e The ROC of arational z-transform cannot
contain any poles and is bounded by the
poles

e To show that the z-transform is bounded by
the poles, assume that the z-transform X(z)
hasssmplepolesat z=a andz =3

e Assume that the corresponding sequence
X[n] is aright-sided sequence

42 _ _
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ROC of a Rational
z-Transform

e Then x[n] hasthe form

X(n] = (o + " Jun—No], et <[p
where N, is a positive or negative integer

* Now, the z-transform of the right-sided
sequence y"u[n— N,] existsiif

o0
> ‘ynz_n‘<oo
Nn=N

4, TOrsomez
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ROC of a Rational
z-Transform
e The condition

o0
> ‘ynz_n‘<oo
n=N

holds for |2 >|y| but not for |2 <|y
* Therefore, the z-transform of
X[n] = (I‘locn + rzﬁ”)p[n— Nol, o <B
has an ROC defined by B <|z <o
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ROC of a Rational
z-Transform

e Likewise, the z-transform of aleft-sided
seguence

X[ n] = (rloc” + rZB”)p[—n— Nol, o <|B
has an ROC defined by 0</7 </

* Finaly, for atwo-sided sequence, some of
the poles contribute to terms in the parent
seguence for n < 0 and the other poles

contributetotermsn>0

45 _ _
Copyright © 2001, S. K. Mitra



ROC of a Rational
z-Transform

* The ROC isthus bounded on the outside by
the pole with the smallest magnitude that
contributes for n < 0 and on the inside by
the pole with the largest magnitude that
contributesforn=0

e There are three possible ROCs of arational
z-transform with polesat z= o and z= 3

(ol <[B)

46 _ _
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ROC of a Rational
z-Transform

convergen

&
& B

Region of

}Rﬁ




ROC of a Rational
z-Transform

e In general, If therational z-transform has N
noles with R distinct magnitudes, then it has
R+1ROCs

e Thus, there are R+1distinct sequences with
the same z-transform

e Hence, arational z-transform with a

specified ROC has a unigue seguence as its
Inverse z-transform

48 _ _
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ROC of a Rational
z-Transform

he ROC of arational z-transform can be
easlly determined using MATLAB

[z, p, k] = tf2zp(num den)

determines the zeros, poles, and the gain
constant of arational z-transform with the
numerator coefficients specified by the
vector numand the denominator coefficients
specified by the vector den
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ROC of a Rational
z-Transform
e [num den] = zp2tf(z, p, k)
Implements the reverse process
 The factored form of the z-transform can be
obtained using sos = zp2sos(z, p, k)

* The above statement computes the
coefficients of each second-order factor
given asan Lx6 matrix sos

o0 _ _
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ROC of a Rational
z-Transform

bor by by agr a1 ap
sos=| P02 P2 P2 3 2o 2

boe by by ag @y ay
where

G(2) = ﬁ Do + Bz + by 2

1 _
k=190k T k< ~ + Ak 2

Copyright © 2001, S. K. Mitra
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ROC of a Rational
z-Transform

e The pole-zero plot Is determined using the
function zpl ane

e The z-transform can be aeither described in
termsof itszer os and pol es:
zpl ane( zer os, pol es)

e Or, It can be described in terms of Its

numerator and denominator coefficients;
zpl ane( num den)
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ROC of a Rational
z-Transform

 Example - The pole-zero plot of

274 11673+ 447%2 +567+ 32
37z4+3725-15722+1872-12

obtained using MATLARB is shown below

G(2) =

2,
1 o
5 ; x —pole
E ] SV @] 0—7ero
2
1= ) o
1 o -
2!
53 4 3 2 4 0 1
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Inverse z-Transform

o General Expression: Recall that, for z=r ej‘”,
the z-transform G(z) given by

G(2)=3%n .0lnz " =5 . glnr e )en
ISsmerely the DTFT of the modified sequence
g[n]r™"

o Accordingly, theinverse DTFT isthus given
by

g[n]r " = lefnG(rejm)ej(””dm
TU

A _ _
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Inverse z-Transform

» By making a change of variablez=r e/®,
the previous eguation can be converted into
a contour integral given by

o= — [G(2) 2" dz
27 ¢

where C' is a counterclockwise contour of
Integration defined by |z =r
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Inverse z-Transform

e But theintegral remains unchanged when
IS replaced with any contour C encircling
the point z= 0 in the ROC of G(2)

e The contour integral can be evaluated using
the Cauchy’ s residue theorem resulting in

gln =3 residuesof G(z)z"™

 at the polesinside C

* The above equation needs to be evaluated at

all values of n and is not pursued here

56 _ _
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Inverse Transform by
Partial-Fraction Expansion

o A rational z-transform G(z) with a causal
Inverse transform g[n] has an ROC that Is
exterior to acircle

* Hereit is more convenient to express GG(2)
In a partial-fraction expansion form and
then determine g[n] by summing the inverse
transform of the individual ssimpler termsin
the expansion
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Inverse Transform by
Partial-Fraction Expansion

» A rational G(z) can be expressed as

M _
D(z N —
Zi:odiZ

e If M >N then G(2) can be re-expressed as

M—-N

P
G()= ¥ nz '+
/=0

where the degree of B(z) islessthan N
58

Copyright © 2001, S. K. Mitra



Inverse Transform by
Partial-Fraction Expansion

e Therational function B (z)/D(z) iscalled a
proper fraction

 Example- Consider
2+0.821+0522+03z2°

1+0.821+0.22 %
* By long division we arrive at

-1
G(z):—3.5+1.52_1+ 5'5+12'1Z >
1+0.8z ~+0.2z

Copyright © 2001, S. K. Mitra
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Inverse Transform by
Partial-Fraction Expansion

e Simple Poles. In most practical cases, the
rational z-transform of interest G(z) isa
proper fraction with simple poles

o Letthepolesof G(z) beat z=A,,1<k<N

o A partial-fraction expansion of G(2) isthen
of theform

N
G _ Py
2 ez‘[l— Ay zl)

Copyright © 2001, S. K. Mitra

60



Inverse Transform by

Partial-Fraction Expansion

* The constants p, in the partial-fraction
expansion are called theresidues and are
given by

pr =12, Z_l)G(Z)‘z=M

o Each term of the sum in partial-fraction
expansion has an ROC given by |z > (1,
and, thus has an inverse transform of the
form p, (A,)"uln]

61 _ _
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Inverse Transform by
Partial-Fraction Expansion

* Therefore, the inverse transform g[n] of
G(2) iIsgiven by

ol = >, (1) "win]
/=1

 Note: The above approach with a slight
modification can also be used to determine
the inverse of arational z-transform of a
noncausal seguence

62 _ _
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Inverse Transform by

Partial-Fraction Expansion

 Example- Let the ztransform H(z) of a
causal sequence h[n] be given by
-1
H (2) = Z(z+2) _ 1+122 :
(z-0.2)(z+0.6) (1-0.2zH)(1+0.6Z7)
o A partial-fraction expansion of H(z) isthen
of the form

P1 P2
H(z) = +
(2) 1-02zt 1+06z71

63 _ _
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Inverse Transform by
Partial-Fraction Expansion

e Now
1+27 %

—(1-027YHH(z =
P =( H @02 1+0.622

and

1+ 277"
=08 10271

P, =(1+06Z )H(2),

64

=2.7/5
2=0.2

=-1.75

z=0.6
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Inverse Transform by

Partial-Fraction Expansion
e Hence

H (2) = 2.75 1.75

1-02771 110622

e Theinversetransform of the aboveis
therefore given by

h[n] = 2.75(0.2)" u[n] —1.75(-0.6)" u[ n]

65 _ _
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Inverse Transform by

Partial-Fraction Expansion

o Multiple Poles. If G(z) has multiple poles,
the partial-fraction expansion is of slightly
different form

o Letthepoleat z=v beof multiplicity L and
the remaining N — L poles be smple and at
Z2=A,, 1</<N-L

66 _ _
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Inverse Transform by
Partial-Fraction Expansion

e Then the partial-fraction expansion of G(2)
IS of the form

M—N N—-L L .
@)=y nz'+y P4y T

(=0 =1 1-A, 71 i=1(1—v z‘l)i
where the constants v; are computed using
1 d L—I

¥ a-vahtew] .

(L)) d(zHH |
1<i1<L

 Theresidues p, are calculated as before

67 _ _
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Partial-Fraction Expansion
Using MATLAB

e [r,p, k] =resi duez(num den)

develops the partial

-fraction expansion of

arational z-transform with numerator and
denominator coefficients given by vectors

numand den
e Vectorr contanst
e Vector p containst

e Vector k containst
68

ne residues
ne poles

ne Constantsw
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Partial-Fraction Expansion
Using MATLAB

[ num den] =r esi duez(r, p, k)
converts a z-transform expressed in a
partial-fraction expansion form to its
rational form
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Inverse z-Transform via Long
Division
* The z-transform G(z) of a causal sequence

{g[n]} can be expanded in apower seriesinz-

* In the series expansion, the coefficient
multiplying theterm z™" isthen the n-th
sample g[n]

e For arational z-transform expressed as a
ratio of polynomialsin 21 the power series
expansion can be obtained by long division

1

/70 _ _
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Inverse z-Transform via Long
Division
 Example- Consider
1+2z1
1+04z1-0.12772

e Long division of the numerator by the
denominator yields

H(2)=1+1.6Z71-0527%+0.473-0.22247% + -

e Asaresult
71{h[n]}:{% 16 -052 04 -02224 .-}, n>0

Copyright © 2001, S. K. Mitra
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Inverse z-Transform Using
MATLAB

e Thefunctioni npz can be used to find the
Inverse of arational z-transform G(2)

 The function computes the coefficients of
the power series expansion of G(z)

e The number of coefficients can elther be
user specified or determined automatically

12 _ _
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Table 3.9: z-Transform

Properties

Property Sequence 2 -Transform ROC

hn] Hi(z) Ry
Conjugation g*[n] G*(z*) Re
Time-reversal g[—n] Gil/z) 1/ R
Linearity ag[n] + Bhln] alF(z) + BHI(z) Includes Ry MRy,
Time-shifling gln = ng) 2™ " G(z) R, except possibly

the point z = 0 or oo

Multiplication by
an exponential a” g[n] Giz/a) || R g
sequence
Differentiation AglA] __dG(z) Ry, except possibly
of G(z) & T odz the point z = 0 or 0o
Convolution gln)@ h[n] G(z)H(z) Includes R, M Ty
Modulation g[nlhin] !;ITj f Gl H (z/viv~ dv Includes R, Ry,

Parseval’s relation

o0
2. glnlh*n] = 5= e GYH*(1/v* v~ dv

A==

Note: If /¢, denotes the region R.- < |z] < Ry + and R, denotes the region Rp- < |z] <
Rp+. then 1/Ry denotes the region 1/Ry+ < |z] = 1/R,- and RgRy denotes the region

Rg_RJ'I' - |E] L Eg*EfrJ"

K. Mitra



z-Transform Properties

 Example - Consider the two-sided sequence

vin] = a"u[n] - u[-n-1

» Let {n] =a"u[n] and y{n] =-B"u[-n-1]

with X(z) and Y(z) denoting, respectively,
their z-transforms

* Now x(2) = L CZ >
2) -z >lo
and Y(2)= — ., Zz<P
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z-Transform Properties
o Using the linearity property we arrive at
1 1
V(z)=X(2)+Y(2)= +
@D=X@+Y@= v
 The ROC of V(2) isgiven by the overlap
regions of |2 >|al and |Z/<|B
e If lo< B, then thereisan overlap and the
ROC isan annular region o <z < B|
o If ja> B/, then thereisno overlap and V(2)
does not exist
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z-Transform Properties

 Example - Determine the z-transform and
Its ROC of the causal sequence

X{n] = r"(coswon)un]
e \We can express x[n] = v[n] + v*[n] where
vn] = LrMeleony[n] = Lo ]
e The z-transform of v[n] isgiven by
1 1 1
21-0zl 21-rel® 71

\ H

V(2) = Z>o=r
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z-Transform Properties
o Using the conjugation property we obtain
the z-transform of v*[n] as
1 1 1
2 1-o*z1 2 1-reli®zL’
2> al
e Finally, using the linearity property we get
X(2)=V(2)+V *(z¥)

V * (2) =

. 1 1
= | + |
2{1—rel®ozl 1_regloozl
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z-Transform Properties

° O,
_ -1
X (2) = 1-(rcosw,)z

1-(2rcosmy)z 1 +r%z7%

Z>r

 Example - Determine the z-transform Y(2)
and the ROC of the sequence

yin] = (n+2)a "un]
« Wecanwritey[n]=nxn]+Xn] where

X[n] =a"p[n
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z-Transform Properties

* Now, the ztransform X(2) of x{n] = a."u[n]
ISgiven by

X(2) = 1

1-oz L

Z>al

o Using the differentiation property, we arrive
at the z-transform of nX n] as
,dX(29)_ o z1

gy 2>
dz (Q-az)
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z-Transform Properties

o Using the linearity property we finally

obtain
1 ozt
Y(2)= +
(2) 1-0z1 (1-az?1)?
1

(1-a Z_l)2 | Z‘ g \oc\
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