
FOURIER ANALYSIS TECHNIQUES

Fourier series permit the extension of steady state analysis to general periodic
signal.

FOURIER SERIES

LEARNING GOALS

FOURIER TRANSFORM

Fourier transform allows us  to extend the concepts of frequency domain to
arbitrary  non-periodic inputs



FOURIER SERIES
The Fourier series permits the representation of an arbitrary periodic signal as 
a sum of sinusoids or complex exponentials

Periodic signal
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The smallest T that satisfies the previous condition is called the (fundamental)
period of the signal
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FOURIER SERIES RESULTS
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GENERAL STRATEGY: 
. Approximate a periodic signal using a Fourier series
. Analyze the network for each harmonic using phasors or complex exponentials
. Use the superposition principle to determine the response to the periodic signal
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Original Periodic Signal

Approximation with 2 terms

Approximation with 4 terms

Approximation with 100 terms
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EXPONENTIAL FOURIER SERIES

Any “physically realizable” periodic signal, with period To, can be represented over
the interval                      by the expression   011 Tttt +<<

0
0
2;)( 0

T
ectf

n

n

tjn
n

πωω == ∑
∞=

−∞=

The sum of exponential functions is always a continuous function. Hence, the right
hand side is a continuous function.
Technically, one requires the signal, f(t), to be at least piecewise continuous. In that
case, the equality does not hold at the points where the signal is discontinuous

Computation of the exponential Fourier series coefficients

∑
∞=

−∞=
=
n

n

tjn
nectf 0)( ω

∫
+ 01

1

Tt

t

tjke 0ω−×

dteecdtetf tjk
Tt

t

n

n

tjn
n

Tt

t

tjk 0
01

1

0
01

1

0)( ωωω −
+ ∞=

−∞=

+
−

∫ ∑∫ 






=





=
≠

=∫
+

−

knT
kn

dte
Tt

t

tknj

for
for

0

)( 001

1

0ω

∫
+

−=
01

1

0)(1

0

Tt

t

tjk
k dtetf
T

c ω

simpler nscomputatiomaketochosen be can andarbitray  is 1t



LEARNING EXAMPLE Determine the exponential Fourier series
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LEARNING EXTENSION Determine the exponential Fourier series

nintegratio the Do 3.
 convenient aSelect  2.
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LEARNING EXTENSION Determine the exponential Fourier series

nintegratio the Do 3.
 convenient aSelect  2.

 and  Determine 1.
:strategyA 
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TRIGONOMETRIC FOURIER SERIES
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FUNCTIONS WITH HALF-WAVE SYMMETRY
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Examples of signals with half-wave symmetry
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LEARNING EXAMPLE Find the trigonometric Fourier series coefficients

This is an even function with half-wave symmetry
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LEARNING EXAMPLE Find the trigonometric Fourier series coefficients

This is an odd function with half-wave symmetry
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LEARNING EXAMPLE Find the trigonometric Fourier series coefficients

symmetry wave-half with odd is 
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LEARNING EXTENSION Determine the type of symmetry of the signals



LEARNING EXTENSION Determine the trigonometric Fourier series expansion
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LEARNING EXTENSION Determine the trigonometric Fourier series expansion
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Fourier Series Via PSPICE Simulation

1. Create a suitable PSPICE schematic
2. Create the waveform of interest
3. Set up simulation parameters
4. View the results

LEARNING EXAMPLE

Determine the Fourier Series of this 
waveform

1. PSPICE schematic

VPWL_FILE  in PSPICE library
piecewise linear periodic voltage source

File specifying waveform



Text file defining corners of piecewise
linear waveform

comments

Use transient analysis

Fundamental
frequency (Hz)



Schematic used for Fourier series example

To view result:
From PROBE menu  

View/Output File
and search until you find the
Fourier analysis data

Accuracy of simulation is affected by 
setup parameters.

Decreases with number of cycles
increases with number of points



FOURIER COMPONENTS OF TRANSIENT RESPONSE V(V_Vs)

DC COMPONENT =  -1.353267E-08

HARMONIC   FREQUENCY    FOURIER    NORMALIZED    PHASE        NORMALIZED
NO         (HZ)     COMPONENT    COMPONENT    (DEG)       PHASE (DEG)

1     1.000E+00    4.222E+00    1.000E+00    2.969E-07    0.000E+00
2     2.000E+00    1.283E+00    3.039E-01    1.800E+02    1.800E+02
3     3.000E+00    4.378E-01    1.037E-01   -1.800E+02   -1.800E+02
4     4.000E+00    3.838E-01    9.090E-02    4.620E-07   -7.254E-07
5     5.000E+00    1.079E-04    2.556E-05    1.712E-03    1.711E-03
6     6.000E+00    1.703E-01    4.034E-02    1.800E+02    1.800E+02
7     7.000E+00    8.012E-02    1.898E-02   -9.548E-06   -1.163E-05
8     8.000E+00    8.016E-02    1.899E-02    5.191E-06    2.816E-06
9     9.000E+00    5.144E-02    1.218E-02   -1.800E+02   -1.800E+02
10     1.000E+01    1.397E-04    3.310E-05    1.800E+02    1.800E+02
11     1.100E+01    3.440E-02    8.149E-03   -1.112E-04   -1.145E-04
12     1.200E+01    3.531E-02    8.364E-03    1.800E+02    1.800E+02
13     1.300E+01    2.343E-02    5.549E-03    1.800E+02    1.800E+02
14     1.400E+01    3.068E-02    7.267E-03   -3.545E-05   -3.960E-05
15     1.500E+01    3.379E-04    8.003E-05   -3.208E-03   -3.212E-03
16     1.600E+01    2.355E-02    5.579E-03   -1.800E+02   -1.800E+02
17     1.700E+01    1.309E-02    3.101E-03    2.905E-04    2.854E-04
18     1.800E+01    1.596E-02    3.781E-03   -5.322E-05   -5.856E-05
19     1.900E+01    1.085E-02    2.569E-03   -1.800E+02   -1.800E+02
20     2.000E+01    2.994E-04    7.092E-05    1.800E+02    1.800E+02

TOTAL HARMONIC DISTORTION =   3.378352E+01 PERCENT

* file pwl1.txt
* example 14.5 
* BECA 7
* ORCAD 9.1
* By J.L. Aravena
0,0
0.1,1
0.2,3
0.3,6
0.4,3
0.5,0
0.6,-3
0.7,-6
0.8,-3
0.9,-1
1.0,0

RELEVANT SEGMENT OF
OUTPUT FILE



TIME-SHIFTING It is easier to study the effect of time-shift with the exponential
series expansion
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Time shifting and half-wave periodic signals
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WAVEFORM GENERATION

If the Fourier series for f(t) is known then one can
easily  determine the expansion for any time-shifted 
and time-scaled version of f(t)
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One can tabulate the expansions for some basic waveforms and use them to determine
the expansions or other signals  



Signals with
Fourier series
tabulated in 
BECA 7
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FREQUENCY SPECTRUM
The spectrum is a graphical display of the coefficients of the Fourier series.
The one-sided spectrum is based on the representation
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The amplitude spectrum displays Dn as the function of the frequency.
The phase spectrum displays the angle      as function of the frequency.
The frequency axis is usually drawn in units of fundamental frequency
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LEARNING EXAMPLE
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LEARNING EXTENSION Determine the trigonometric Fourier series and plot the
first four terms of the amplitude and phase spectra
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STEADY STATE NETWOK RESPONSE TO PERIODIC INPUTS
1. Replace the periodic signal by its Fourier series
2. Determine the steady state response to each harmonic
3. Add the steady state harmonic responses

)( ωjH

)( 1|| θω +tjec ))((
1

11|)(||| ωφθωω ++tjejHc

)cos(|| 1 θω +tD ))(cos(|)(||| 111 ωφθωω ++tjHD

°∠== )(|)(||)(|)( )( ωφωωω ωφ jHejHjH j

}|Re{| 1tjeD ωθ∠ })(|)(||Re{| 1
11

tejHD ωωφωθ ∠∠



π== 0,5:)( TAtv
LEARNING EXAMPLE

∑
∞

=







 −=

oddn
n

tn
n

tn
n

tv
1

22 2cos402sin20)(
ππ

ωj
1

)1||2(
ωj)( ωjI

)(
44
2)(

21
22

21
2

)(1 ω
ω

ω

ω

ωω jV
j

jV

j

jjV
+

=

+
+

+=

)(1 ωjV
ωj21

2
+

=

10 2
1VV =

ω
ωω

ω 1
2

tan
1616
1

44
1)( −−∠

+
=

+
=

j
jH

ωω
ωω

1

2

tan)44(

1616|44|
−=+∠

+=+

j

j

ππ n
j

n
jbaD nnn

2040
22 −−=−=

22

22
2040|| 







+






=
ππ nn

Dn

)
2

tan180(
2

tan180 11 ππ nnDn
−− −°−=+°=∠

nn 2=ω

)1802tan
2

tan2cos(
6416
12040)( 11

2

22

22 °−−+
+








+






= −− nnnt
nnn

tvon
π

ππ



LEARNING EXTENSION )(ticurrent thefor  expressionstatesteady theFind

∑
∞

= −
−+=

1
2 2cos

)14(
4020)(

n
S nt

n
tv

ππ

nn
n

DD nn 2;1,180
)14(

40;20 20 =≥°∠
−

== ω
ππ

ωj
Z 2||21+=

)()(
)(
)()( ωω

ω
ωω jVjY
jZ
jVjI S

S == ω
ω

ω
ω

ω
ω

ωω
j
j

j
j

j
j

jjZ
+
+=

+
+=

+
+=

+
+=

1
3

22
26

22
4122

4

1)(

harmonic th-nfor phasor    nn D
nj
njDnjYnjI
23
21)2()2(

+
+==

))3/2(tan2tan(
49
41)2(

3
1)0(

11
2

2
nn

n
nnjY

Y

−− ∠−∠
+
+=

=

ω
ωω
j
jjY

+
+=
3
1)(

∑
∞

=
∠−−=

1
0 )2cos(||||)0()(

n
nnn YntDYDYti



AVERAGE POWER

In a network with periodic sources (of the same period) the steady state voltage
across any element and the current through are all of the form
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for each harmonic
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FOURIER TRANSFORM
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A heuristic view of the Fourier transform

A non-periodic function can be viewed as the limit of a periodic function when the
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LEARNING EXAMPLE Determine the Fourier transform
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LEARNING EXAMPLES

Determine the Fourier transform of the
unit impulse function
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Proof of the convolution property
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A Systems application of the convolution property
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PARSEVAL’S THEOREM
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By definition, the left hand side is the energy of the signal
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Intuitively, if the Fourier transform has a large magnitude over a frequency range
then the signal has significant energy over that range

And if the magnitude of the Fourier transform is zero (or  very small) then the 
signal has no significant energy in that range

Parseval’s theorem permits the determination of the energy of a signal in a
given frequency range



LEARNING BY APPLICATION Examine the effect of this low-pass filter in the
quality of the input signal
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One can use Bode plots to visualize
the effect of the filter

High frequencies in the input signal are attenuated
in the output

The effect is clearly visible in the time domain



The output signal is slower and with less energy than the input signal



EFFECT OF IDEAL FILTERS

Effect of low-pass filter

Effect of high-pass filter

Effect of band-pass filter

Effect of band-stop filter



LEARNING BY DESIGN “Tuning-out” an AM radio station

Fourier transform of signal broadcast
by two AM stations
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Designing the tuning circuit
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LEARNING EXAMPLE An example of band-pass filter
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Q for Solving

We use the requirements to constraint Q
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Resulting Bode plot obtained with PSPICE AC sweep



Filter output
obtained with
PSPICE

Fourier transform of 
output signal obtained
with PSPICE

Fourier


