
THE LAPLACE TRANSFORM

LEARNING GOALS

Definition
The transform maps a function of time into a function of a complex
variable

Two important singularity functions
The unit step and the unit impulse

Transform pairs
Basic table with commonly used transforms

Properties of the transform
Theorem describing properties. Many of them are useful as 
computational tools

Performing the inverse transformation
By restricting attention to rational functions one can simplify
the inversion process

Convolution integral
Basic results in system analysis

Initial and Final value theorems
Useful result relating time and s-domain behavior
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A SUFFICIENT CONDITION FOR EXISTENCE OF LAPLACE TRANSFORM
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THE INVERSE TRANSFORM

Contour integral
in the complex plane

Evaluating the integrals can be quite time-consuming. For this reason we
develop better procedures that apply only to certain useful classes of function
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TWO SINGULARITY FUNCTIONS

Using the unit step to build functions

Unit step (Important “test” function
in system analysis)
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This function has derivative that is zero
everywhere except at the origin.
We will “define” a derivative for it

Using square pulses to approximate
an arbitrary function

The narrower the pulse the better
the approximation



Computing the transform of the unit step
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In this case the RoC is at least half a
plane. And any linear combination
of such signals will also have a RoC
that is a half plane
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THE IMPULSE FUNCTION

Sifting or sampling
property of the 
impulse

Representation of the impulse

Height is proportional
to area

Laplace transform
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Approximations
to the impulse

These two conditions are not
feasible for “normal” functions

(Good model for impact, lightning, and 
other well known phenomena)



LEARNING BY DOING
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We will develop properties that will
permit the determination of a large
number of transforms from a small
table of transform pairs



Linearity

Multiplication by exponential

Multiplication by time

Time shifting

Time truncation

Some properties will
be proved and used as
efficient tools in the
computation of Laplace
transforms
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Basic Table of Laplace Transforms

We develop properties that expand the
table and allow computation of transforms
without using the definition

LINEARITY PROPERTY

Homogeneity
Additivity

Follow immediately from the linearity
properties of the integral

APPLICATION
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With a similar use of linearity one shows
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MULTIPLICATION BY EXPONENTIAL
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MULTIPLICATION BY TIME

Differentiation under an integral
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polynomial
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TIME SHIFTING PROPERTY
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LEARNING EXTENSION
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One can apply the time shifting property
if the time variable always appears as it
appears in the argument of the step. In
this case as t-1

)1()1()11()( )1()1( −−−+−= −−−− tuetuettf tt

)1()1(

)1(

)1()1()1()(

)1(

)1(

)1()1(

−−=

−−

−+−−=

−−

−−

−−−−

tuet

tue

tuetuettf

t

t

tt

2

2

)1(
1)(

1)(

+
↔

↔

−

s
tute

s
ttu

t

)1(
)1()1( )1(

+
↔−−∴

−
−−

s
etuet
s

t

)1()1()( −−= − tuetetf t

writealsocouldOne

property
truncationtimetheapply  And

)(tg

)]1([)()1()()( +=⇒−= − tgesFtutgtf sL

2

)1(

)1(
1)]1([

)1(

+
=+

==+ −+−

s
tg

teetetg tt

L

The two properties are only different
representations of the same result



LEARNING EXAMPLE )3()( 2 −= − tuetf t

)3(

)3()(
)3(26

)33(2

−=

−=
−−−

+−−

tuee

tuetf
t

t

2
1)3(

2
1)( 3)3(22

+
↔−⇒

+
↔ −−−−

s
etue

s
tue stt

2
)(

3
6

+
=

−
−

s
eesF

s

te 2−

)3( −tu )2()6/2sin()( −−= tuttx π
LEARNING EXAMPLE

)2()6/)22(2sin()( −−+−= tuttx π

)2())2(2sin()(
6/4

−+−=
−=

tuttx θ
πθ

)2())2(2cos(sin
)2())2(2sin(cos)(
−−+

−−=
tut
tuttx

θ
θ

4
2)2())2(2sin(

4
2)(2sin

2
2

2

+
↔−−⇒

+
↔

−

s
etut

s
ttu

s

4
)2())2(2cos(

4
)(2cos

2
2

2

+
↔−−⇒

+
↔

−

s
setut

s
sttu

s










+
+

+
= −

4
sin

4
2cos)( 22

2

s
s

s
esX s θθUsing time truncation

)]3([)()3()()( 3 +=⇒−= − tgesFtutgtf sL
ttt eeetgetg 26)3(22 )3()( −−+−− ==+⇒=

2
1)]3([ 6

+
=+ −

s
etgL

)(tg

)]2([)( 2 += − tgesX sL



LEARNING EXTENSION

Compute the Laplace transform of the following functions
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PERFORMING THE INVERSE TRANSFORM

FACT: Most of the Laplace transforms 
that we encounter are proper rational
functions of the form

Zeros = roots of numerator
Poles = roots of denominator
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SIMPLE POLES
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LEARNING EXTENSIONS Find the inverse transform
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COMPLEX CONJUGATE POLES
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The method of identification of coefficients, or even the method of selecting
values of s, may provide a convenient alternative for the determination of the
residues
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LEARNING EXTENSION Find the inverse transform
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LEARNING EXTENSION Find the inverse transform
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CONVOLUTION INTEGRAL

response) state zero the Actually,
for  equation the of solution particular a is

that such , function, a exists there

ODE anGiven :CLAIM

(
0

)()()()()(

0),(

......

0

001

1

1

≥

⊗=−=

≥

++=++

∫

−

−

−

t

tuthdxxuxthty

tth

ub
dt
udbya

dt
yda

dt
yd

t

m

m

mn

n

nn

n

PROOF

Shifting

functionstimepositive are , ,If :RESULT 21 ff

)()()( 21 sFsFsF =
0;)()(

)(

0

)( >=+ ∫
−− ttdxxyety

sY
t

xt

FINDEXAMPLE

⇒=⊗+ − ttyety t )()( 2
1)(

2
1)(

s
sY

s
sY =

+
+

2
1)(

2
11

s
sY

s
=









+
+

)3(
2)( 2 +

+=
ss
ssY



LEARNING EXAMPLE Using convolution to determine a network response
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In general convolution is not an efficient approach to determine the
output of a system.  But it can be a very useful tool in special cases



LEARNING EXAMPLE

This example illustrates an idealized modeling approach and the use of convolution
as a system simulation tool. 

This slide shows how one can obtain a “black box” model for a system
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Unknown linear system represented
in the Laplace domain

The black box model is a description
of the system based only on input/output
data. There is no information on what is
“inside the box”

Ideal approach to modeling
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In practice, a good approximation to an 
impulse may be difficult, or impossible 
to apply. Hence we try to use “more
sensible inputs.”

Using the step response
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of the step response of a system

Once the impulse response is obtained, 
the convolution can be evaluated 
numerically
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A CASE STUDY IN MODELING

Unknown system step response

Computed impulse response uses finite difference
approximation to derivative



Test of the model
The model output uses the computed impulse response
and samples of the input signal. Convolution integral is
evaluated numerically

TjTujkhdxxuxkThkTy
k

j

kT

∑∫
=

−=−=
00

)()()()()(



Detailed view of a segment of the signals showing bandpass action
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INITIAL AND FINAL VALUE THEOREMS

These results relate behavior of a function in the time domain with the behavior
of the Laplace transform in the s-domain

INITIAL VALUE THEOREM
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LEARNING EXAMPLE
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F(s) has one pole at s=0 and the others 
have negative real part. The final value
theorem can be applied.
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Clearly, f(t) has Laplace transform. And 
sF(s) -f(0) is also defined.

LEARNING EXTENSION
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One way of using Laplace transform techniques in circuit analysis uses
the following steps:

1. Derive the differential equation that describes the network
2. Apply the transform as a tool to solve the differential equation



LEARNING BY APPLICATION 0),( >ttiFIND

We will write the equation for i(t) and 
solve it using Laplace Transform
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To find the initial conditions we use 
the steady state assumption for t<0

Circuit in steady state for t<0
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Replace and
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One could write
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LEARNING EXTENSION
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Transforming to the Laplace domain
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Next we must determine i(0)

Laplace


