
Chapter 2 
 
2.1   (a) ,81.4,1396.9,85.22 12111 === ∞xxx  

(b) .48.3,1944.7,68.18 22212 === ∞xxx  

2.2   Hence,   Thus, 
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2.3 (a)  Consider the sequence defined by   If n < 0, then k = 0 is not included 

in the sum and hence, x[n] = 0 for n < 0.  On the other hand, for  k = 0 is included 
in the sum, and as a result, x[n] =1 for   Therefore, 
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(b)  Since  it follows that   Hence, 

 

⎩
⎨
⎧

<
≥=µ
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,0,1][

n
nn

⎩
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⎧

<
≥=−µ
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n
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n
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⎩
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⎧

≠
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2.4 Recall ].[]1[][ nnn δ=−µ−µ   Hence, 
]3[4]2[2]1[3][][ −δ+−δ−−δ+δ= nnnnnx

])4[]3[(4])3[]2[(2])2[]1[(3])1[][( −µ−−µ+−µ−−µ−−µ−−µ+−µ−µ= nnnnnnnn
].4[4]3[6]2[5]1[2][ −µ−−µ+−µ−−µ+µ= nnnnn  

 
2.5 (a)  },4512302{]2[][ −−−=+−=

↑
nxnc  

 (b)  },006310872{]3[][
↑

−−−=−−= nynd  

 (c)  },003221025{][][
↑

−−=−= nwne  

 (d)  },27801332154{]2[][][ −−−−=−+=
↑

nynxnu  

 (e)  },040342150{]4[][][ −−=+⋅=
↑

nwnxnv  

 (f)  },221000543{]4[][][ −−−=+−=
↑

nwnyns  

 (g)  }.75.248.205.35.1021{][5.3][ −−−==
↑

nynr  

 
2.6 (a)  ],3[2]1[3][2]1[]2[5]3[4][ −δ+−δ−δ−+δ++δ++δ−= nnnnnnnx  

],5[2]4[7]3[8]1[][3]1[6][ −δ−−δ+−δ+−δ−δ−+δ= nnnnnnny  
],8[5]7[2]5[]4[2]3[2]2[3][ −δ+−δ−−δ−−δ+−δ+−δ= nnnnnnnw  

 
(b)  Recall ].1[][][ −µ−µ=δ nnn   Hence, 

])[]1[(])1[]2[(5])2[]3[(4][ nnnnnnnx µ−+µ++µ−+µ++µ−+µ−=  
])4[]3[(2])2[]1[(3])1[][(2 −µ−−µ+−µ−−µ−−µ−µ− nnnnnn  
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],4[2]3[2]2[3]1[][3]1[4]2[9]3[4 −µ−−µ+−µ+−µ−µ−+µ−+µ++µ−= nnnnnnnn  
 
2.7 (a) 

z 1_
z 1_

++
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 From the above figure it follows that ].2[]2[]1[]1[][]0[][ −+−+= nxhnxhnxhny  
 

(b)   
h[0]

z 1_

z 1_

+

+

z 1_

z 1_

+

+

11β 12β

22β21β

x[n] y[n]

x[n   1]_

x[n   2]_

w[n   1]_

w[n   2]_

w[n]

 
 

From the above figure we get ])2[]1[][](0[][ 2111 −β+−β+= nxnxnxhnw  and 
].2[]1[][][ 2212 −β+−β+= nwnwnwny   Making use of the first equation in the second 

we arrive at 
])2[]1[][](0[][ 2111 −β+−β+= nxnxnxhny     

 ])3[]2[]1[](0[ 211112 −β+−β+−β+ nxnxnxh

 ])4[]3[]2[](0[ 211122 −β+−β+−β+ nxnxnxh  

]2[)(]1[)(][]0[ 221112211211( −β+ββ+β+−β+β+= nxnxnxh

  .]4[]3[)( )212211222112 −ββ+−ββ+ββ+ nxnx
 
 (c) Figure P2.1(c) is a cascade of a first-order section and a second-order section.  The 

input-output relation remains unchanged if the ordering of the two sections is 
interchanged as shown below. 
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The second-order section can be redrawn as shown below without changing its input-
output relation. 
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+ +
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The second-order section can be seen to be cascade of two sections. Interchanging their 
ordering we finally arrive at the structure shown below: 

z 1_

z 1_

+

++

+

0.6

0.3

0.2

_ 0.8

0.5_

x[n]

y[n]

z 1_

+

0.4
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z 1_
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s[n]

 
 

Analyzing the above structure we arrive at 
],2[2.0]1[3.0][6.0][ −+−+= nxnxnxns  

],2[5.0]1[8.0][][ −−−−= nununsnu  
].[4.0][]1[ nynuny +=+  

From   Substituting this in the second equation we get after some 
algebra 

].[4.0]1[][ nynynu −+=
].2[8.0]1[18.0][4.0][]1[ −+−−−=+ nynynynsny   Making use of the first 

equation in this equation we finally arrive at the desired input-output relation 
].3[2.0]2[3.0]1[6.0]3[2.0]2[18.0]1[4.0][ −+−+−=−−−+−+ nxnxnxnynynyny  

 
(d)  Figure P2.19(d) is a parallel connection of a first-order section and a second-order 
section.  The second-order section can be redrawn as a cascade of two sections as 
indicated below: 
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Interchanging the order of the two sections we arrive at an equivalent structure shown 
below: 

q[n]

z 1_

z 1_

+

+

_ 0.8

0.5_

x[n] +
0.3

0.2

z 1_

z 1_

y  [n]2

y  [n   1]_
2

_y  [n   2]2
 

Analyzing the above structure we get 
],2[2.0]1[3.0][ −+−= nxnxnq  

].2[5.0]1[8.0][][ 222 −−−−= nynynqny  
Substituting the first equation in the second we have 

].2[2.0]1[3.0]2[5.0]1[8.0][ 222 −+−=−+−+ nxnxnynyny               (2-1) 
 

Analyzing the first-order section of Figure P2.1(d) given below 
0.6

x[n] z 1_
+

0.4

u[n]
y  [n]1

u[n   1]_

 
we get 

],1[4.0][][ −+= nunxnu  
].1[6.0][1 −= nuny  

Solving the above two equations we have 
 ].1[6.0]1[4.0][ 11 −=−− nxnyny                                  (2-2) 

The output  of the structure of Figure P2.19(d) is given by ][ny

    ].[][][ 21 nynyny +=         (2-3) 
From Eq. (2-2) we get ]2[48.0]2[32.0]1[8.0 11 −=−−− nxnyny  and 

].3[3.0]3[2.0]2[5.0 11 −=−−− nxnyny   Adding the last two equations to Eq. (2-2) we 
arrive at ]3[2.0]2[18.0]1[4.0][ 1111 −−−+−+ nynynyny   

].3[3.0]2[48.0]1[6.0 −+−+−= nxnxnx    (2-4) 
Similarly, from Eq. (2-1) we get  

].3[08.0]2[12.0]3[2.0]2[32.0]1[4.0 222 −−−−=−−−−−− nxnxnynyny   Adding this 
equation to Eq. (2-1) we arrive at 

]3[2.0]2[18.0]1[4.0][ 2222 −−−+−+ nynynyny   
    ].3[08.0]2[08.0]1[3.0 −−−+−= nxnxnx   (2-5) 

Adding Eqs. (2-4) and (2-5), and making use of Eq. (2-3) we finally arrive at the input-
output relation of Figure P2.1(d) as: 

].3[22.0]2[56.0]1[9.0]3[2.0]2[18.0]1[4.0][ −+−+−=−−−+−+ nxnxnxnynynyny  
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2.8  (a)   },137235241{][*1 jjjjjnx −−−−+−−−=
↑

   Therefore }.415223371{][*1 jjjjjnx −−−+−−−−=−
↑

 ( ) },5.15.435.45.1{][][][ *
1*12

1
,1 jjjjnxnxnx cs −−−+−=−+=

↑
 

( ) }.5.2145.2245.25.21{][][][ *
1*12

1
,1 jjjjjnxnxnx ca +−+−−++=−−=

↑
 

(b)    Hence,  and thus,   

Therefore, 

.][ 3/
2

njenx π= 3/*2 ][ njenx π−= ].[][ 2
3/*2 nxenx nj ==− π

( ) ],[][][][ 2
3/2*2*22

1
,2 nxenxnxnx nj
cs ==−+= π  and 

( ) .0][][][ *2*22

1
,2 =−−= nxnxnx ca  

 
(c)    Hence,  and thus, 

  Therefore, 

.][ 5/
3

njejnx π−= 5/*3 ][ njejnx π−=

].[][ 3
5/*3 nxejnx nj −=−=− π− ( ) ,0][][][ *3*32

1
,3 =−+= nxnxnx cs  and 

( ) .][][][][ 5/
3*3*32

1
,3

nj
ca ejnxnxnxnx π−==−−=  

 
2.9 (a)  }.2032154{][ −−−=

↑
nx  Hence, }.4512302{][ −−−=−

↑
nx  

 Therefore, }2524252{])[][(][
2

1

2

1 −−−−−=−+=
↑

nxnxnxev  

    }15.21215.21{ −−−−−=
↑

 

 and  }6540456{])[][(][
2

1

2

1 −−−=−−=
↑

nxnxnxod  

    }.35.22025.23{ −−−=
↑

 

 (b)  }.27801360000{][ −−−=
↑

ny   Hence, 

}.00006310872{][
↑

−−−=−ny  

 Therefore, }15.3405.235.2045.31{])[][(][
2

1 −−−=−+=
↑

nynynyev  

and }.15.3405.305.3045.31{])[][(][
2

1 −−−−=−−=
↑

nynynyod  

 
(c)  }.52012230000000000{][ −−=

↑
nw  Hence, 

}.00000000003221025{][
↑

−−=−nw   Therefore 

])[][(][
2

1
nwnwnwev −+=  
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}5.2105.0115.10005.1115.0015.2{ −−−−=
↑

 and 

])[][(][
2

1
nwnwnwod −−=  

}.5.2105.0115.10005.1115.0015.2{ −−−−−−=
↑

 

 
2.10  (a)    Hence, ].2[][1 +µ= nnx ].2[][1 +−µ=− nnx   Therefore, 

⎪⎩

⎪
⎨
⎧

≤−
≤≤−

≥
=+−µ++µ=

,3,2/1
,22,1

,3,2/1
])2[]2[(][

2

1
,1

n
n

n
nnnx ev   and 

⎪⎩

⎪
⎨
⎧

≤−−
≤≤−

≥
=+−µ−+µ=

.3,2/1
,22,0

,3,2/1
])2[]2[(][

2

1
,1

n
n

n
nnnx od  

 
(b)    Hence,  Therefore, ].3[][2 −µα= nnx n ].3[][2 −−µα=− − nnx n

( )
⎪
⎪
⎩

⎪⎪
⎨

⎧

≤−α
≤≤−

≥α

=−−µα+−µα=
−

−

,3,

,22,0

,3,

]3[]3[][

2

1

2

1

2

1
,2

n

n

n

nnnx
n

n

nn
ev   and 

( )
⎪
⎪
⎩

⎪⎪
⎨

⎧

≤−α
≤≤−

≥α

=−−µα−−µα=
−−

−

.3,

,22,0

,3,

]3[]3[][

2

1

2

1

2

1
,2

n

n

n

nnnx
n

n

nn
od  

(c)   Hence,  Therefore, ].[][3 nnnx nµα= ].[][3 nnnx n −µα−=− −

( ) nnn
ev nnnnnnx α=−µα−+µα= −

2

1][)(][][
2

1
,3  and 

( ) .][)(][][
2

1

2

1
,3

nnn
od nnnnnnx α=−µα−−µα= −  

 

(d)  .][4
n

nx α=   Hence, ].[][ 44 nxnx
nn =α=α=− −   Therefore, 

n
ev nxnxnxnxnxnx α==+=−+= ][])[][(])[][(][ 4442

1
442

1
,4  and 

.0])[][(])[][(][ 442

1
442

1
,4 =−=−−= nxnxnxnxnx od   

 
2.11 ( ).][][][

2

1
nxnxnxev −+=   Thus, ( ) ].[][][][

2

1
nxnxnxnx evev =+−=−   Hence,  is 

an even sequence.  Likewise, 

][nxev

( ).][][][
2

1
nxnxnxod −−=   Thus, 

( ) ].[][][][
2

1
nxnxnxnx odod −=−−=−   Hence,  is an odd sequence. ][nxod
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2.12 (a)  Thus, ].[][][ nxnxng evev= ].[][][][][][ ngnxnxnxnxng evevevev ==−−=−   Hence, 
 is an even sequence.   ][ng

 
(b)  Thus, ].[][][ nxnxnu odev= ( ) ].[][][][][][ nunxnxnxnxnu odevodev −=−=−−=−   
Hence,  is an odd sequence.   ][nu
 
(c)   Thus, ].[][][ nxnxnv odod= ( )( )][][][][][ nxnxnxnxnv odododod −−=−−=−  

 Hence,  is an even sequence. ].[][][ nvnxnx odod == ][nv

 
2.13  (a) Since  is causal, ][nx .0,0][ <= nnx   Also, .0,0][ >=− nnx   Now, 

 ( ).][][][
2

1
nxnxnxev −+=   Hence, ( ) ]0[]0[]0[]0[

2

1
xxxxev =+=   and 

 .0],[][
2

1 >= nnxnxev   Combining the two equations we get  
⎪⎩

⎪
⎨
⎧

<
=
>

=
.0,0
,0],[
,0],[2

][
n
nnx
nnx

nx ev

ev

 Likewise, ( ).][][][
2

1
nxnxnxod −−=   Hence, ( ) 0]0[]0[]0[

2

1 =−= xxxod   and 

 .0],[][
2

1 >= nnxnxod   Combining the two equations we get  
⎩
⎨
⎧

≤
>=

.0,0
,0],[2

][
n
nnx

nx ev

 
(b) Since  is causal, ][ny .0,0][ <= nny   Also, .0,0][ >=− nny   Let 

 where  and  are real causal sequences. ],[][][ njynyny imre += ][nyre ][nyim

Now,  ( ).][][][
2

1
nynynyca −−= ∗   Hence, ( ) ]0[]0[]0[]0[

2

1
imca jyyyy =−= ∗   and 

  .0],[][
2

1 >= nnny yca   Since  is not known,  cannot be fully recovered from 

. 

]0[rey ][ny

][nyca

 Likewise, ( ).][][][
2

1
nynynycs −+= ∗   Hence, ( ) ]0[]0[]0[]0[

2

1
recs yyyy =+= ∗  and 

.0],[][
2

1 >= nnny ycs   Since  is not known,  cannot be fully recovered from 

. 

]0[imy ][ny

][nycs

 
2.14 Since  is causal, ][nx .0,0][ <= nnx   From the solution of Problem 2.13 we have  

].[][)cos(2
,0,0
,01
,0),cos(2

,0,0
,0],[
,0],[2

][ nnn
n
n
nn

n
nnx
nnx

nx o

o

ev

ev
δ−µω=

⎪⎩

⎪
⎨
⎧

<
=
>ω

=
⎪⎩

⎪
⎨
⎧

<
=
>

=  

 
2.15 (a)   where }{]}[{ nAnx α= A   and α  are complex numbers with .1<α   Since for 

n
n α< ,0  can become arbitrarily large,  is not a bounded sequence. ]}[{ nx
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(b)   where 
⎩
⎨
⎧

<
≥α=µα=

,0,0
,0,][][

n
nAnAny

nn A   and α  are complex numbers with 

.1<α   Here, .0,1 ≥≤α n
n   Hence Any ≤][  for all values of    Hence,  is a 

bounded sequence.  
.n ]}[{ ny

 
(c)   where   and ][]}[{ nCnh nµβ= C β  are complex numbers with .1>β   Since for 

n
n β> ,0  can become arbitrarily large,  is not a bounded sequence. ]}[{ nh

 
(d)   Since ).cos(4]}[{ nng oω= 4][ ≤ng  for all values of  is a bounded 
sequence. 

]}[{, ngn

 (e)  
⎪⎩

⎪
⎨
⎧

≤

≥⎟
⎠
⎞

⎜
⎝
⎛ −=

.0,0

,1,1
][ 2

1

n

n
nv n   Since 1

2

1 <
n

 for  and 1>n 1
2

1
=

n
 for  ,1=n 1][ <nv  for 

all values of   Thus  is a bounded sequence. .n ]}[{ nv
 

2.16 ].1[
)1(

][
1

−µ
−

=
+

n
n

nx
n

  Now .
1)1(

][
11

1
∞=∑=∑

−
=∑

∞

=

∞

=

+∞

−∞= nn

n

n nn
nx   Hence  is 

not absolutely summable. 

]}[{ nx

 

2.17 (a)    Now ].1[][1 −µα= nnx n ∞<
α−

α
=∑ α=∑ α=∑

∞

=

∞

=

∞

−∞= 1
][

11
2

n

n

n

n

n
nx , since 

.1<α  Hence,  is absolutely summable. ]}[{ 1 nx

 

(b)    Now ].1[][2 −µα= nnx n ∑ α=∑ α=∑
∞

=

∞

=

∞

−∞= 11
2 ][

n

n

n

n

n
nnnx ,

)1( 2
∞<

α−

α
=  since 

.12 <α  Hence,  is absolutely summable. ]}[{ 2 nx

 

(c)    Now ].1[][ 2
3 −µα= nnnx n n

nn

n

n
nnnx α∑=∑ α=∑

∞

=

∞

=

∞

−∞= 1

2

1

2
3 ][  

K+α+α+α+α= 423222 432  

)(5)(3)( 543432432
KKK +α+α+α++α+α+α++α+α+α+α=   
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)(7 654
K+α+α+α+  = K+

α−

α
+

α−

α
+

α−

α
+

α−

α

1

7

1

5

1

3

1

432

 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∑ α−∑ α

α−
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
∑ α−

α−
=

∞

=

∞

=

∞

= 111
2

1

1
)12(

1

1

n

n

n

n

n

n
nn  ⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛

α−

α
−

α−

α

α−
=

1)1(

2

1

1
2

 

.
)1(

)1(
3

∞<
α−

α+α
=   Hence,  is absolutely summable. ]}[{ 3 nx

2.18 (a)  ].[
2

1
][ nnx

na µ=  Now .2
1

1

2

1

2

1
][

2

100
∞<=

−
=∑=∑=∑

∞

=

∞

=

∞

−∞= n nn nn
a nx   Hence, 

 is absolutely summable. ]}[{ nxa

 

(b)  ].[
)2)(1(

1
][ n

nn
nxb µ

++
=  Now ∑

++
=∑

∞

=

∞

−∞= 0 )2)(1(

1
][

nn
b nn

nx  

.1
5

1

4

1

4

1

3

1

3

1

2

1

2

1
1

2

1

1

1

0
∞<=+⎟

⎠
⎞

⎜
⎝
⎛ −+⎟

⎠
⎞

⎜
⎝
⎛ −+⎟

⎠
⎞

⎜
⎝
⎛ −+⎟

⎠
⎞

⎜
⎝
⎛ −=∑ ⎟

⎠
⎞

⎜
⎝
⎛

+
−

+
=

∞

=
K

n nn
 Hence, 

 is absolutely summable. ]}[{ nxb

 

2.19 (a) A sequence  is absolutely summable if  ][nx .][ ∞<∑
∞

−∞=n
nx  By Schwartz inequality 

we have .][][][ 2 ∞<⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∑⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
∑≤∑

∞

−∞=

∞

−∞=

∞

−∞= nnn
nxnxnx   Hence, an absolutely summable 

sequence is square summable and has thus finite energy. 
 

 Now consider the sequence ].1[][
1 −µ= nnx
n

  The convergence of an infinite series can 

be shown via the integral test.  Let ),(xfan =  where a continuous, positive and 

decreasing function is for all   Then the series  and the integral  

both converge or both diverge.  For 

.1≥x ∑
∞

=1n
na ∫

∞

1
)( dxxf

.)(,
11

xnn xfa ==   But ∞=−∞==∫
∞∞

0)(ln
1

1

1 xdx
x

.  

Hence, ∑=∑
∞

=

∞

−∞= 1

1][
n nn

nx  does not converge.  As a result, ]1[][
1 −µ= nnx
n

 is not 

absolutely summable. 
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 (b)  To show that  is square-summable, we observe that here ]}[{ nx
2

1

n
na = , and thus, 

.)(
2

1

x
xf =   Now, .11

11

11

1
2

=+
∞

−=⎟
⎠
⎞

⎜
⎝
⎛−=∫

∞∞

x
dx

x
  Hence, ∑

∞

=1

1
2

n n
converges, or in other 

words, ]1[][
1 −µ= nnx
n

 is square-summable. 

 
2.20  See Problem 2.19, Part (a) solution. 
 

2.21 ].1[
cos

][2 −µ
π
ω

= n
n

n
nx c   Now, .

1cos
][

1 221

2
2

2 ∑
π

≤∑ ⎟
⎠

⎞
⎜
⎝

⎛
π
ω

=∑
∞

=

∞

=

∞

−∞= nn

c

n nn

n
nx   Since, 

,
6

2

1

1
2

π
=∑

∞

=n n
 .

6

1cos

1

2

≤∑ ⎟
⎠

⎞
⎜
⎝

⎛
π
ω∞

=n

c

n

n
  Therefore  is square-summable. ][2 nx

 
 Using the integral test (See Problem 2.19, Part (a) solution) we now show that  is 

not absolutely summable.  Now, 

][2 nx
∞

∞
ω⋅

ω
π
ω

⋅
π

=∫
π
ω

1

1
)int(cos

cos

cos

1cos
x

x

x

x

dx
x

x
c

c

c

c  where 

 is the cosine integral function.  Since intcos dx
x

xc∫
π
ω∞

1

cos  diverges, ∑
π
ω∞

=1

cos

n

c

n

n
 also 

diverges.  Hence,  is not absolutely summable. ][2 nx
 

2.22 ( )∑ +=∑=
∞

−∞=+∞→−=+∞→ K
odevKK

K

KnKK
x nxnxnx 2

12

12
12

1
][][lim][limP  

 ( )∑ ++=
−=+∞→

K

Kn
odevodevKK

nxnxnxnx ][][2][][lim 22
12

1   

( )( ][][][][lim
12

1

2

1
nxnxnxnx

K

KnKK
xx odev

−−∑ −+++=
−=+∞→

PP ) 

 
odevn

K

Knodev xxnxnx
KK

xx PPPP +=++= ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∑ −−∑⋅

+∞→

∞

−∞=−=
][][

2

1

12

1 22lim    

as   Now for the given sequence,  ∑ −∑ =
−=−=

K

Kn

K

Kn
nxnx ].[][ 22

∑
+∞→=+∞→−=+∞→ =

⎟
⎠
⎞⎜

⎝
⎛=∑ ⎟

⎠
⎞⎜

⎝
⎛=∑=

K

nod KK

K

nKK

K

Kn
odKK

x nx
0
1

12

16

3

1

0

6

3

1
12

12
12

1
limlim][limP  

.lim
6

3

1
2

1

12

16

3

1 ⎟
⎠
⎞⎜

⎝
⎛⎟

⎠
⎞⎜

⎝
⎛= =

+
+

∞→ K

K

K
  Hence, .10

6

3

1
2

1
⎟
⎠
⎞⎜

⎝
⎛−=−=

odev xxx PPP  
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2.23 .10),/2sin(][ −≤≤π= NnNknnx   Now )/2(sin][
1

0

21

0

2
Nknnx

N

n

N

n
x π∑=∑=

−

=

−

=
E  

 ( ) .)/4cos()/4cos(1
1

02

1

2

1

02

1
∑ π−=∑ π−=
−

=

−

=

N

n

NN

n
NknNkn   Let  and ∑ π=

−

=

1

0
)/4cos(

N

n
NknC

   Then .)/4sin(
1

0
∑ π=
−

=

N

n
NknS .0

1

1
/4

41

0

/4 =
−

−
=∑=+

π−

π−−

=

π−
Nkj

knjN

n

Nknj

e

e
ejSC   This implies 

   Hence .0=C .
2

N
x =E  

 

2.24 (a)    Then ].[][ nAnx µ= α .
1

][
2

2

0

222

α−
=∑ α=∑=

∞

=

∞

−∞=

A
Anx

n

n

n
axa

E  

 (b) ].1[][
2

1 −µ= nnx
n

b   Then ∑=∑=∑
∞

=

∞

=

∞

−∞= 1

1

1

12
42

][
n nn nn

bx nx
b

E .
90

4π
=  

 
2.25 (a)    Then average power .)1(][1

nnx −=

,1)12(
12

1
lim][lim 2

112

1
1

=+
+

=∑=
∞→−=+∞→

K
K

nx
K

K

KnKK
xP  and energy 

.1][ 2
11

∞=∑=∑=
∞

−∞=

∞

−∞= nn
x nxE  

 
(b)   Then average power   ].[][2 nnx µ=

,
2

1

12

1
lim1

12

1
lim][

12

1
lim

0

2
22

=
+

+
=∑

+
=∑

+
=

∞→=∞→−=∞→ K

K

K
nx

K K

K

nK

K

KnK
xP  and energy 

.1][
0

2
22

∞=∑=∑=
∞

=

∞

−∞= nn
x nxE  

 
(c)   Then average power   ].[][3 nnnx µ=

,
6

)12)(1(
lim

12

1
lim][

12

1
lim

1

22
33

∞=
++

=∑
+

=∑
+

=
∞→=∞→−=∞→

KKK
n

K
nx

K K

K

nK

K

KnK
xP  

and energy .][
0

22
33

∞=∑=∑=
∞

=

∞

−∞= nn
x nnxE  

 
 

(d)   Then average power .][ 0
04

njeAnx ω= ∑
+

=
−=∞→

K

KnK
x nx

K
P

2
4 ][

12

1
lim

4
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,)12(
12

1
lim

12

1
lim

12

1
lim 2

0
2
0

2
0

2
0

0 AKA
K

A
K

eA
K K

K

KnK

K

Kn

nj

K
=+⋅

+
=∑

+
=∑

+
=

∞→−=∞→−=

ω

∞→

 and energy .][ 2
0

2
0

2
3

0
3

∞=∑=∑=∑=
∞

−∞=

∞

−∞=

ω∞

−∞= nn

nj

n
x AeAnxE  

 

(e)  .cos][
2

5 ⎟
⎠
⎞⎜

⎝
⎛ φ+= π

M

n
Anx  Note   is a periodic sequence. Then average power  ][5 nx

.1cos
2

1
cos

1
][

1 1

0
2

4
21

0

2
21

0

2
55

∑ ⎟
⎠
⎞⎜

⎝
⎛ +⎟

⎠
⎞⎜

⎝
⎛⋅=∑ ⎟

⎠
⎞⎜

⎝
⎛ φ+=∑=

−

=
φ+

π−

=

π−

=

M

n M

nM

n M

nM

n
x

A

M
A

M
nx

M
P  

Let ∑ ⎟
⎠
⎞⎜

⎝
⎛ φ+=

−

=

1

0

4
2cos

M

n M

πn
C  and .2cos

1

0

4
∑ ⎟

⎠
⎞⎜

⎝
⎛ φ+=

−

=

M

n M

πn
S  Then 

.0
1

1
/4

4
21

0

/421

0

2
4

=
−

−
⋅=∑=∑=+

π

π
φ−

=

πφ−

=

⎟
⎠
⎞⎜

⎝
⎛ φ+π

Mj

j
jM

n

MnjjM

n

j

e

e
eeeejSC M

n

   

Hence   Therefore .0=C .
2

1
2

1 21

0

2

5

AA

M
P

M

n
x =∑⋅=

−

=
 

Since  is a periodic sequence, it has infinite energy. ][5 nx

 
 
2.26 In each of the following parts, denotes the fundamental period and N r  is a positive 

integer. 

 (a)    Here  and ).5/2cos(4][~
1 nnx π= N r  must satisfy the relation .2

5

2
rN π=⋅π  

Among all positive solutions for N  and r , the smallest values are  and 5=N .1=r   
Hence the average power is given by 

.8cos4
5

1
][~1

24

0 5

21

0

2
11

=∑ ⎟
⎠
⎞⎜

⎝
⎛=∑=

=

π−

= n

nN

n
x nx

N
P  

 (b)    Here  and ).5/3cos(3][~
2 nnx π= N r  must satisfy the relation .2

5

3
rN π=⋅π  

Among all positive solutions for N  and r , the smallest values are  and 10=N .3=r   
Hence the average power is given by 

.5.4cos3
10

1
][~1

29

0 5

31

0

2
22

=∑ ⎟
⎠
⎞⎜

⎝
⎛=∑=

=

π−

= n

nN

n
x nx

N
P  

 (c)    Here  and ).7/3cos(2][~
3 nnx π= N r  must satisfy the relation .2

7

3
rN π=⋅π  

Among all positive solutions for  and N r , the smallest values are  and 14=N .3=r   
Hence the average power is given by 

.2cos2
14

1
][~1

213

0 7

31

0

2
33

=∑ ⎟
⎠
⎞⎜

⎝
⎛=∑=

=

π−

= n

nN

n
x nx

N
P  

Not for sale. 12



 (d)    Here  and ).3/5cos(4][~
4 nnx π= N r  must satisfy the relation .2

3

5
rN π=⋅π  

Among all positive solutions for  and N r , the smallest values are  and 6=N .5=r   
Hence the average power is given by 

.8cos4
6

1
][~1

25

0 3

51

0

2
44

=∑ ⎟
⎠
⎞⎜

⎝
⎛=∑=

=

π−

= n

nN

n
x nx

N
P  

(e)  ).5/3cos(3)5/2cos(4][~
5 nnnx π+π=   We first determine the fundamental period 

 of   Here  and 1N ).5/2cos( nπ 1N r  must satisfy the relation .215

2
rN π=⋅π   Among all 

 positive solutions for  and , the smallest values are 1N r 51 =N  and    We next 
determine the fundamental period  of 

.1=r

2N ).5/3cos( nπ   Here  and r  must satisfy the 

relation 
2N

.225

3
rN π=⋅π   Among all positive solutions for  and 2N r , the smallest values 

are  and   The fundamental period of  is then given by 102 =N .3=r ][~
5 nx

.10)10,5(),( 21 == LCMNNLCM  
  
Hence the average power is given by 

24

0 5

3

5

21

0

2
5 cos3cos4

10

1
][~1

5
∑ ⎟

⎠
⎞⎜

⎝
⎛+⎟

⎠
⎞⎜

⎝
⎛=∑=

=

ππ−

= n

nnN

n
x nx

N
P  

.5.1205.48coscos24cos9cos16
10

1 11

0 5

3

5

2

5

311

0

2
5

211

0

2 =++≅⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∑ ⎟

⎠
⎞⎜

⎝
⎛⎟

⎠
⎞⎜

⎝
⎛+⎟

⎠
⎞⎜

⎝
⎛∑+⎟

⎠
⎞⎜

⎝
⎛∑=

=

πππ

=

π

= n

nnn

n

n

n

 
 (f)  ).5/3cos(3)3/5cos(4][~

6 nnnx π+π=   We first determine the fundamental period 

 of   Here  and r  must satisfy the relation 1N ).3/5cos( nπ 1N .213

5
rN π=⋅π   Among all 

 positive solutions for  and , the smallest values are 1N r 61 =N  and    We next 
determine the fundamental period  of 

.5=r

2N ).5/3cos( nπ   Here  and r  must satisfy the 

relation 
2N

.225

3
rN π=⋅π   Among all positive solutions for  and r , the smallest values 

are  and   The fundamental period of  is then given by 
2N

102 =N .3=r ][~
6 nx

.30)10,6(),( 21 == LCMNNLCM  
Hence the average power is given by 

229

0 5

3

3

51

0

2
6 cos3cos4

30

1
][~1

6 ∑ ⎟
⎠
⎞⎜

⎝
⎛+⎟

⎠
⎞⎜

⎝
⎛=∑=

=

ππ−

= n

nnN

n
x nx

N
P  

.5.1205.48coscos24cos9cos16
30

1 29

0 5

3

3

5

5

330

0

2
3

529

0

2 =++≅⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∑ ⎟

⎠
⎞⎜

⎝
⎛⎟

⎠
⎞⎜

⎝
⎛+⎟

⎠
⎞⎜

⎝
⎛∑+⎟

⎠
⎞⎜

⎝
⎛∑=

=

πππ

=

π

= n

nnn

n

n

n

 

2.27 Now , from Eq. (2.38) we have   Therefore  .][][~ ∑ +=
∞

−∞=k
kNnxny
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.][][~ ∑ ++=+
∞

−∞=k
NkNnxNny   Substituting 1+= kr  we get 

].[~][][~ nyrNnxNny
r

=∑ +=+
∞

−∞=
  Hence  is a periodic sequence with a period  ][~ ny .N

2.28 (a)   Now   The portion of  in the range .5=N .]5[][~ ∑ +=
∞

−∞=n
p knxnx ][~ nx p 40 ≤≤ n  is 

given by }15400{]5[][]5[ −=+++− nxnxnx   
 .40},17432{}00000{}02032{ ≤≤−−−=+−−+ n  
  Hence, one period of  is given by ][~ nx p .40},17432{ ≤≤−−− n  

 Now   The portion of  in the range  is given by .]5[][~ ∑ +=
∞

−∞=n
p knyny ][~ nyp 40 ≤≤ n

}60000{]5[][]5[ =+++− nynyny   
 .40},138015{}00002{}78013{ ≤≤−−=−+−−+ n  
 Hence, one period of  is given by ][~ nyp .40},138015{ ≤≤−− n  

 Now   The portion of  in the range  is given by .]5[][~ ∑ +=
∞

−∞=n
p knwnw ][~ nwp 40 ≤≤ n

}00000{]5[][]5[ =+++− nwnwnw   
 .40},27101{}05201{}22300{ ≤≤−=−−++ n  
 Hence, one period of  is given by ][~ nwp .40},27101{ ≤≤− n  

 (b)  .7=N   Now   The portion of  in the range .]7[][~ ∑ +=
∞

−∞=n
p knxnx ][~ nx p 60 ≤≤ n  is 

given by }1540000{]7[][]7[ −=+++− nxnxnx   
 }0000000{}0002032{ +−−+  
 .60},1542032{ ≤≤−−−= n   Hence, one period of  is given by ][~ nx p

.60},1542032{ ≤≤−−− n  

 Now   The portion of  in the range  is given by .]7[][~ ∑ +=
∞

−∞=n
p knyny ][~ nyp 60 ≤≤ n

}6000000{]7[][]7[ =+++− nxnxnx   
 }0000000{}0278013{ +−−−+  
 .60},6278013{ ≤≤−−−= n   Hence, one period of  is given by ][~ nyp

.60},6278013{ ≤≤−−− n  

 Now   The portion of  in the range  is given by .]7[][~ ∑ +=
∞

−∞=n
p knwnw ][~ nwp 60 ≤≤ n

}0000000{]7[][]7[ =+++− nwnwnw   
 }0000052{}0122300{ −+−+  
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 .60},0122352{ ≤≤−−= n   Hence, one period of  is given by  ][~ nwp

 .60},0122352{ ≤≤−− n  
2.29  ).cos(][~ φ+ω= nAnx o

 (a)  }.11111111{][~ −−−−=nx   Hence  .4/,2/,2 π=φπ=ω= oA  

 (b)  }.30303030{][~ −−=nx   Hence  ,3=A  ,2/π=ωo  
 .2/π=φ

 (c)  }.366.1366.01366.1366.01{][~ −−−=nx   Hence ,2=A  ,3/π=ωo  
 .4/π=φ

 (d)  }.02020202{][~ −−=nx   Hence  .0,2/,2 =φπ=ω= oA  
 
2.30 The fundamental period of a periodic sequence with an angular frequency N oω  

satisfies Eq. (2.47a) with the smallest value of  and . N r
 (a)    Here Eq. (2.47a) reduces to .5.0 π=ωo rN π=π 25.0  which is satisfied with 

 .1,4 == rN
 (b)    Here Eq. (2.47a) reduces to .8.0 π=ωo rN π=π 28.0  which is satisfied with 

 .2,5 == rN

 (c)  We first determine the fundamental period  of    In 
this case, Eq. (2.47a) reduces to 

1N ).2.0cos(}Re{ 5/ ne nj π=π

11 22.0 rN π=π  which is satisfied with .1,10 11 == rN   

We next determine the fundamental period  of    In this 
case, Eq. (2.47a) reduces to 

2N ).1.0sin(Im{ 10/ nje nj π=π

22 21.0 rN π=π  which is satisfied with .1,20 22 == rN   
Hence the fundamental period  of  is given by N ][~ nx c

.20)20,10(),( 21 == LCMNNLCM  
 (d)  We first determine the fundamental period  of    In this case, Eq. 
(2.47a) reduces to 

1N ).3.1cos(3 nπ

11 23.1 rN π=π  which is satisfied with .13,20 11 == rN   We next 
determine the fundamental period  of  2N ).5.05.0sin(4 π+πn   In this case, Eq. (2.47a) 
reduces to  which is satisfied with 22 25.0 rN π=π .1,4 22 == rN   Hence the 
fundamental period  of  is given by N ][~

4 nx .20)4,20(),( 21 == LCMNNLCM  
 (e)  We first determine the fundamental period  of    In this 
case, Eq. (2.47a) reduces to 

1N ).75.05.1cos(5 π+πn

11 25.1 rN π=π  which is satisfied with .3,4 11 == rN   We 
next determine the fundamental period  of  2N ).6.0cos(4 nπ   In this case, Eq. (2.47a) 
reduces to  which is satisfied with 22 26.0 rN π=π .3,10 22 == rN   We finally 
determine the fundamental period  of  3N ).5.0sin( nπ   In this case, Eq. (2.47a) reduces 
to  which is satisfied with 33 25.0 rN π=π .1,4 33 == rN   Hence the fundamental period 
N  of  is given by ][~

5 nx .20)4,10,4(),,( 321 == LCMNNNLCM  
 
2.31 The fundamental period N of a periodic sequence with an angular frequency oω  

satisfies Eq. (2.47a) with the smallest value of N  and . r
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 (a)    Here Eq. (2.47a) reduces to .6.0 π=ωo rN π=π 26.0  which is satisfied with 

 .3,10 == rN
 
 (b)    Here Eq. (2.47a) reduces to .28.0 π=ωo rN π=π 228.0  which is satisfied with 

 .7,50 == rN
 
 (c)    Here Eq. (2.47a) reduces to .45.0 π=ωo rN π=π 245.0  which is satisfied with 

 .9,40 == rN
 
 (d)    Here Eq. (2.47a) reduces to .55.0 π=ωo rN π=π 255.0  which is satisfied with 

 .11,40 == rN
 
 (e)    Here Eq. (2.47a) reduces to .65.0 π=ωo rN π=π 265.0  which is satisfied with 

 .13,40 == rN
 
2.32   Here Eq. (2.47a) reduces to .08.0 π=ωo rN π=π 208.0  which is satisfied with 

  For a sequence .1,25 == rN )sin(][~
22 nnx ω=  with a fundamental period of 25=N , 

Eq. (2.47a) reduces to .225 2 rπ=ω   For example, for 2=r  we have 
  Another sequence with the same fundamental period is obtained 

by setting  which leads to 
.16.025/42 π=π=ω

3=r .24.025/63 π=π=ω   The corresponding periodic 
sequences are therefore )16.0sin(][~

2 nnx π=  and ).24.0sin(][~
3 nnx π=  

 
2.33 The three parameters and ,, oA Ω φ  of the continuous-time signal can be 

determined from 
)(txa

)cos()(][ φ+Ω== nTAnTxnx oa  by setting 3 distinct values of   
For example  

.n

 
,cos]0[ α=φ= Ax   

,sin)sin(cos)cos()cos(]1[ β=φΩ+φΩ=φ+Ω−=− TATATAx ooo ,  
.sin)sin(cos)cos()cos(]1[ γ=φΩ−φΩ=φ+Ω= TATATAx ooo  

 
Substituting the first equation into the last two equations and then adding them we get  

α
γ+β

=Ω
2

)cos( To   which can be solved to determine oΩ .  Next, from the second 

equation we have ).cos(cos)cos(sin TTAA oo Ωα−β=φΩ−β=φ   Dividing this 

equation by the last equation on the previous page we arrive at 
T

T

o

o

Ωα
Ωα−β

=φ
sin(

)cos(
tan   

which can be solved to determine .φ   Finally, the parameter is determined from the first 
equation of the last page. 
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Now consider the case .2
2

oT T
Ω=

π
=Ω   In this case β=φ+π= )cos(][ nAnx  and  

( ) β=φ+π=φ+π+=+ )cos()1(cos]1[ nAnAnx .  Since all sample values are equal, the 
three parameters cannot be determined uniquely. 
 

Finally consider the case .2
2

oT T
Ω<

π
=Ω   In this case )cos(][ φ+Ω= nTAnx o  

 implying )cos( φ+ω= nA o .π>Ω=ω Too   As explained in Section 2.2.1, a digital 
sinusoidal sequence with an angular frequency oω  greater than  assumes the identity 
of a sinusoidal sequence with an angular frequency in the range .  Hence, 

 cannot be uniquely determined from 

π
.0 π<ω≤

oΩ )cos(][ φ+Ω= nTAnx o . 
 
2.34   If  is periodic with a period , then ).cos(][ nTnx oΩ= ][nx N

( ) ).cos(][cos][ 000 nTnxNTnTNnx Ω==Ω+Ω=+   This implies rNTo π=Ω 2 with 
r  any nonzero positive integer.  Hence the sampling rate must satisfy the relation 

  If  i.e., ./2 NrT oΩπ= ,20=Ωo ,8/π=T  then we must have rN π=
π

⋅ 2
8

20 .  The 

smallest value of  and r  satisfying this relation are N 4=N  and   The 
fundamental period is thus 

.5=r
4=N . 

 
2.35 (a)  For an input  the output is ,2,1],[ =inxi

.2,1],2[]1[]2[]1[][][ 21210 =−+−+−+−+= inyanyanxbnxbnxbny iiiiii   Then, for 
an input  the output is ],[][][ 21 nBxnAxnx += ])[][(][ 210 nBxnAxbny +=  

])1[]1[(])2[]2[(])1[]1[( 211212211 −+−+−+−+−+−+ nBynAyanBxnAxbnBxnAxb

])2[]2[( 211 −+−+ nBynAya ]1[]2[]1[][( 11121110 −+−+−+= nyanxbnxbnxbA

])2[]1[]2[]1[][(])1[ 222123222122 −+−+−+−++−+ nxanxanxbnxbnxbBnya

].[][ 21 nBynAy +=  Hence, the system of Eq. (2.18) is linear. 
 

(b)  For an input  the output is  ,2,1],[ =inxi ⎩
⎨
⎧ ±±==

otherwise.,0
,2,,0],/[

][
LLLnLnx

ny i
i

For an input ],[][][ 21 nBxnAxnx +=  the output for K,2,,0 LLn ±±=  is 
][][]/[]/[]/[][ 2121 nBynAyLnBxLnAxLnxny +=+== .  For all other values of 

  Hence the system of Eq. (2.20) is linear. .000][, =⋅+⋅= BAnyn
 
(c)  For an input  the output is ,2,1],[ =inxi .2,1],/[][ == iMnxny ii   Then, for an input 

 the output is ],[][][ 21 nBxnAxnx += ].[][]/[]/[][ 2121 nBynAyMnBxMnAxny +=+=  
Hence the system of Eq. (2.21) is linear. 
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(d)  For an input  the output is ,2,1],[ =inxi ∑ =−=
−

=

1

0
.2,1],[

1
][

M

k
ii iknx

M
ny   Then, for 

an input  the output is ],[][][ 21 nBxnAxnx += ( )∑ −+−=
−

=

1

0
21 ][][

1
][

M

k
knBxknAx

M
ny  

].[][][
1

][
1

21
1

0
2

1

0
1 nBynAyknx

M
Bknx

M
A

M

k

M

k
+=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
∑ −+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
∑ −=

−

=

−

=
  Hence the system of 

Eq. (2.61) is linear. 
 
 
(e)  The first term on the RHS of Eq. (2.65) is the output of a factor-of-2 up-sampler.  
The second term on the RHS of Eq. (2.65) is simply the output of an unit delay 
followed by a factor-of-2 up-sampler, whereas, the third term is the output of an unit 
advance operator followed by a factor-of-2 up-sampler.  We have shown in Part (b) that 
the up-sampler is a linear system.  Moreover, the unit delay and the unit advance 
operator are linear systems.  A cascade of two linear systems is linear and the linear 
combination of linear systems is also linear.  Hence, the factor-of-2 interpolator of Eq. 
(2.65) is a linear system. 
 
(f)  Following the arguments given in Part (e), we can similarly show that the factor-of-
3 interpolator of Eq. (2.66) is a linear system. 

 
2.36 (a)    For an input ].[][ 3 nxnny = ,2,1],[ =inxi  the output is  

Then, for an input 

.2,1],[][ 3 == inxnny ii

],[][][ 21 nBxnAxnx +=  the output is  
  Hence the system is linear. 

( )][][][ 21
3 nBxnAxnny +=

].[][ 21 nBynAy +=

 For an input  the output is the impulse response   As 
 for  and the system is causal. 

],[][ nnx δ= ].[][ 3 nnnh δ=
0][ =nh ,0<n

 Let 1 for all values of   Then ][ =nx .n 3][ nny =  and  as   Since a 

bounded input results in an unbounded output, the system is not BIBO stable. 

∞→][ny .∞→n

 Finally, let  and  be the outputs for inputs  and  respectively.  If  ][ny ][1 ny ][nx ],[1 nx

  then   However, ][][1 onnxnx −= ].[][][ 3
1

3
1 onnxnnxnny −== =− ][ onny  

  Since ].[)( 3
oo nnxnn −− ],[][1 onnyny −≠  the system is not time-invariant. 

 
(b)    For an input .])[(][ 5nxny = ,2,1],[ =inxi  the output is  .2,1,])[(][ 5 == inxny ii

Then, for an input ],[][][ 21 nBxnAxnx +=  the output is  

  Hence the system is nonlinear. 

( )521 ][][][ nBxnAxny +=

.])[(])[( 5
2

5
1 nxBnxA +≠

For an input  the output is the impulse response   As 
 for  and the system is causal. 

],[][ nnx δ= .])[(][ 5nnh δ=
0][ =nh ,0<n

Not for sale. 18



For a bounded input ,][ ∞<≤ Bnx  the magnitude of the output samples are  

.][])[(][ 555 ∞<≤== Bnxnxny  As the output is also a bounded sequence, the 

system is BIBO stable. 
Finally, let  and  be the outputs for inputs  and  respectively.  If  ][ny ][1 ny ][nx ],[1 nx

][][1 onnxnx −=  then ( ) ].[][])[(][ 55
11 oo nnynnxnxny −=−==   Hence, the system 

is time-invariant. 
 
 

(c)    with ∑ −+β=
=

3

0
][][

l
lnxny β  a nonzero constant.  For an input  the 

output is   Then, for an input  

the output is  

,2,1],[ =inxi

.2,1,][][
3

0
=∑ −+β=

=
inxny ii

l
l ],[][][ 21 nBxnAxnx +=

( ) ∑ −+∑ −+β=∑ −+−+β=
===

3

0
2

3

0
1

3

0
21 ][][][][][

lll
llll nBxnAxnBxnAxny

].[][ 21 nBynAy +≠   Hence the system is nonlinear. 

For an input  the output is the impulse response   As 

 for  the system is noncausal. 

],[][ nnx δ= .][][
0

∑ −δ+β=
∞

=l
lnnh

0][ ≠nh ,0<n

For a bounded input ,][ ∞<≤ Bnx  the magnitude of the output samples are  

.4][ ∞<+β≤ Bny   As the output is also a bounded sequence, the system is BIBO 
stable. 
Finally, let  and  be the outputs for inputs  and  respectively.  If  ][ny ][1 ny ][nx ],[1 nx

][][1 onnxnx −=  then   Hence, the system is 

time-invariant. 

].[][][
3

0
1 oo nnynnxny −=∑ −−+β=

=l
l

 
(d)  ( .][2ln][ nxny += )   For an input ,2,1],[ =inxi  the output is ( ),][2ln][ nxny ii +=  

.2,1=i   Then, for an input ],[][][ 21 nBxnAxnx +=  the output is  
( ) ].[][][][2ln][ 2121 nBynAynBxnAxny +≠++=   Hence the system is nonlinear. 

For an input  the output is the impulse response ],[][ nnx δ= ( )][2ln][ nnh δ++ . 
For   Hence, the system is noncausal. .0)2ln(][,0 ≠=< nhn

For a bounded input ,][ ∞<≤ Bnx  the magnitude of the output samples are  

( ) .2ln][ ∞<+≤ Bny   As the output is also a bounded sequence, the system is BIBO 
stable. 
Finally, let  and  be the outputs for inputs  and  respectively.  If  ][ny ][1 ny ][nx ],[1 nx
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][][1 onnxnx −=  then ( ) ].[][2ln][1 oo nnynnxny −=−+=   Hence, the system is 
time-invariant. 
 
(e)   with a nonzero constant.  For an input  the output 
is   Then, for an input 

],2[][ +−α= nxny ,2,1],[ =inxi

],2[][ +−α= nxny ii .2,1=i ],[][][ 21 nBxnAxnx +=  the output is 
].[][]2[]2[][ 2121 nBynAynxBnxAny +=+−α++−α=   Hence the system is linear. 

For an input  the output is the impulse response   For ],[][ nnx δ= ].2[][ +−αδ= nnh
,0<n .0][ =nh   Hence, the system is causal. 

For a bounded input ,][ ∞<≤ Bnx  the magnitude of the output samples are  

.][ ∞<α= Bny   As the output is also a bounded sequence, the system is BIBO stable. 
Finally, let  and  be the outputs for inputs  and  respectively.  If  ][ny ][1 ny ][nx ],[1 nx

][][1 onnxnx −=  then ].[]2)([]2[][ 11 oo nnynnxnxny −=+−−α=+−α=   Hence, the 
system is time-invariant. 
 
(f)    For an input ].4[][ −= nxny ,2,1],[ =inxi  the output is .2,1],4[][ =−= inxny ii  
Then, for an input ],[][][ 21 nBxnAxnx +=  the output is ]4[]4[][ 21 −+−= nBxnAxny  

].[][ 21 nBynAy +=   Hence the system is linear. 
For an input  the output is the impulse response  For ],[][ nnx δ= ].4[][ −δ= nnh ,0<n  

.0][ =nh   Hence, the system is causal. 
For a bounded input ,][ ∞<≤ Bnx  the magnitude of the output samples are 

.][ ∞<= Bny   As the output is also a bounded sequence, the system is BIBO stable. 
Finally, let  and  be the outputs for inputs  and  respectively.  If  ][ny ][1 ny ][nx ],[1 nx

][][1 onnxnx −=  then ].[]4[][1 oo nnynnxny −=−−=   Hence, the system is time-
invariant. 

 
2.37   Let  and  be the outputs of a median filter of length  for inputs  

and , respectively.  If 
][ny ][1 ny 12 +K ][nx

][1 nx ][][1 onnxnx −= , then  
 }][,],1[],[],1[,],[{med][ 111111 KnxnxnxnxKnxny ++−−= KK  

}][,],1[],[],1[,],[{med KnnxnnxnnxnnxKnnx ooooo +−+−−−−−−= KK

].[ onny −=   Hence, the system is time-invariant. 
 
2.38  ].1[][2]1[][ −+−+= nxnxnxny   For an input ,2,1],[ =inxi  the output is  

.2,1],1[][2]1[][ =−+−+= inxnxnxny iiii   Then, for an input ],[][][ 21 nBxnAxnx +=   
the output is 

]1[]1[][2][2]1[]1[][ 212121 −+−+−−+++= nBxnAxnBxnAxnBxnAxny  
].[][ 21 nBynAy +=   Hence the system is linear. 

If  then ],[][1 onnxnx −= ].[]1[][2]1[][1 oooo nnynnxnnxnnxny −=−−+−−+−=  
Hence, the system is time-invariant. 
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The impulse response of the system is ]1[][2]1[][ −δ+δ−+δ= nnnnh .  Now  
.1]0[]1[ =δ=−h   Since 0][ ≠nh  for all values of ,0<n  the system is noncausal. 

 
2.39   For an input ].1[]1[][][ 2 +−−= nxnxnxny ,2,1],[ =inxi  the output is  

.2,1],1[]1[][][ 2 =+−−= inxnxnxny iiii   Then, for an input  the 

output is 

],[][][ 21 nBxnAxnx +=

( ) ( )( )]1[]1[]1[]1[][][][ 2121
2

21 +++−+−−+= nBxnAxnBxnAxnBxnAxny  
   Hence the system is nonlinear. ].[][ 21 nBynAy +≠

If  then  

 

],[][1 onnxnx −= ]1[]1[][][ 11
2
11 +−−= nxnxnxny

]1[]1[][2 +−−−−−= ooo nnxnnxnnx ].[ onny −=   Hence, the system is time-
invariant. 
The impulse response of the system is   Since 

 for all values of 
].[]1[]1[][][ 2 nnnnnh δ=+δ−δ−δ=

0][ =nh ,0<n  the system is causal. 
 

2.40 .
]1[

][
]1[

2

1
][ ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−

+−=
ny

nx
nyny  Now for an input ],[][ nnx αµ=  the output  

converges to some constant 

][ny

K  as .∞→n   The input-output relation of the system as 

 reduces to ∞→n ⎟
⎠
⎞

⎜
⎝
⎛ α

+=
K

KK
2

1  from which we get  or in other words  α=2K

 .α=K  

 For an input  the output is ,2,1],[ =inxi .2,1,
]1[

][
]1[

2

1
][ =⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−

+−= i
ny

nx
nyny

i

i
ii   Then, 

for an input ],[][][ 21 nBxnAxnx +=  the output is .
]1[

][][
]1[

2

1
][ 21

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

+
+−=

ny

nBxnAx
nyny  

 On the other hand, 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

+−=+
]1[

][
]1[

2

1
][][

1

1
121 ny

nAx
nAynBynAy ].[

]1[

][
]1[

2

1

2

2
2 ny

ny

nBx
nBy ≠⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−

+−+  

 Hence the system is nonlinear. 

 If  then ],[][1 onnxnx −= ].[
]1[

][
]1[

2

1
][

1
11 o

o nny
ny

nnx
nyny −=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−

−
+−=   Hence, the 

system is time-invariant. 
 
2.41  ].1[]1[][][ 2 −+−−= nynynxny

For an input  the output is  
Then, for an input 

,2,1],[ =inxi .2,1],1[]1[][][ 2 =−+−−= inynynxny iiii

],[][][ 21 nBxnAxnx +=  the output is 

].1[]1[][][][ 2
21 −+−−+= nynynBxnAxny   On the other hand,  ][][ 21 nBynAy +
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].[]1[]1[][]1[]1[][ 2
2
221

2
11 nynBynBynBxnAynAynAx ≠−+−−+−+−−=   Hence the 

system is nonlinear. 
 
2.42 The impulse response of the factor-of-3 interpolator of Eq. (2.66) is the output for an 

input  and is given by ][][ nnxu δ=

])2[]2[(])1[]1[(][][
3

1

3

2 +δ+−δ++δ+−δ+δ= nnnnnnh  or equivalently by 

 { } .22,,,1,]}[{
3

1
3

2

3

2
,

3

1 ≤≤−= nnh  

 
2.43 The input-output relation of a factor-of- L  interpolator is given by 

( .][][][][
1

1
knxknx

L

kL
nxny uu

L

k
u ++−∑

−
+=

−

=
)   Its impulse response is the output for 

an input  and is thus given by ][][ nnxu δ= ( )][][][][
1

1
knkn

L

kL
nnh

L

k
+δ+−δ∑

−
+δ=

−

=
 

or equivalently by 
{ } .11,,,,,,1,,,,,]}[{ 12211221 −≤≤+−= −−−−

LnLnh
LLL

L

L

L

L

L

L

L

LL
KK

 
2.44 The impulse response  of a causal discrete-time system satisfies the difference 

equation 
][nh

].[]1[][ nnhanh δ=−−   Since the system is causal, we have  for 
  Evaluating the above difference equation for 

0][ =nh
.0<n ,0=n  we arrive at 

  and thus 1]1[]0[ =−− ahh .1]0[ =h   Next, for 1=n , we have  and thus 

  Continuing we get for 

0]0[]1[ =− hah

.]1[ ah = 0]1[]2[,2 =−= ahhn , i.e.,   Assume  .]1[]2[ 2aahh ==

  with  From the difference equation we then have 

, i.e.,   Since the last equation holds for 
 by induction, it holds for  

1]1[ −=− nanh .0>n

0]1[][ =−− nhanh .]1[][ nanahnh =−=
,2,1,0=n .3≥n

 
2.45 As  and  are right-sided sequences, assume ][nx ][nh 0][ =nx  for all  and 

 and    Hence, 
1Nn <

0][ =nh .2Nn < 0][O][][ * == nxnhny  for all  and thus 21 NNn +<

  is also a right-sided sequence.  Therefore,  ][ny ][O][][ *

2121

nxnhny
NNnNNn

∑=∑
∞

+=

∞

+=

  ∑ −∑=∑ ∑ −=∑ ∑ −=
∞

+=

∞

=

∞

=

∞

+=

∞

+=

∞

= 2122 2121 2

][][][][][][
NNnNkNk NNnNNn Nk

knxkhknxkhknxkh

  as ∑∑=∑∑=
∞

=

∞

=

∞

−+=

∞

= 12212

][][][][
NmNkkNNmNk

mxkhmxkh 0][ =mx  for all .  Hence, 1Nm <

  .][][][ ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∑⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
∑∑ =

nnn
nxnhny
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2.46 (a)   
⎩
⎨
⎧

<
≥∑ α=∑ −µα=−µ∑ µα=µµα =

∞

=

∞

−∞= .0,0
,0,][][][][O][ 0

0
*

n
nknknknn

n
k

k

k

k

k

kn

 (b)   
⎩
⎨
⎧

≤
>∑ α=∑ −µα=−µ∑ µα=µµα =

∞

=

∞

−∞= .0,0
,0,][][][][O][ 0

0
*

n
nkknkknkknnn

n
k

k

k

k

k

kn

 
2.47   Now from Eq. (2.72) an arbitrary input  can be expressed as 

 which can be rewritten using Eq. (2.41b) as 

   

][nx

∑ −δ=
∞

−∞=k
knkxnx ][][][

( )∑ −−µ−−µ=
∞

−∞=k
knknkxnx ]1[][][][ ∑ −µ=

∞

−∞=k
knkx ][][ .]1[][∑ −−µ−

∞

−∞=k
knkx

 Since  is the response of an LTI system for an input ][ns ],[nµ    is the response 
for an input  and 

][ kns −
][ kn −µ ]1[ −− kns  is the response for an input   Hence, 

the output for an input  is given by 

].1[ −−µ kn

∑ −µ
∞

−∞=k
knkx ][][ ∑ −−µ−

∞

−∞=k
knkx ]1[][

  ].1[O]1[][O][]1[][][][][ ** −−−=∑ −−−∑ −=
∞

−∞=

∞

−∞=
nsnxnsnxknskxknskxny

kk

 

2.48     Hence, 

  Thus, is also a 

periodic sequence with a period  

.][~][][ ∑ −=
∞

−∞=m
mnxmhny

].[][][][~][][ nymnxmhmkNnxmhkNny
m m

=∑ ∑ −=−+=+
∞

−∞=

∞

−∞=
][ny

.N
 
2.49 In this problem we make use of the identity ].[][O][ * rmnrnmn −−δ=−δ−δ  

(a)  ( ) ( )]1[2][4]2[O]1[2]2[3][O][][ *1*11 −δ+δ++δ−+δ−−δ== nnnnnnhnxny  

 ]1[O]2[6][O]2[12]2[O]2[3 *** −δ−δ−δ−δ++δ−δ−= nnnnnn ]2[O]1[2 * +δ+δ+ nn  

 ]1[O]1[4][O]1[8 ** −δ+δ+δ+δ− nnnn .   Hence 

 ][4]1[8]3[2]3[6]2[12][3][1 nnnnnnny δ++δ−+δ+−δ−−δ+δ−=  
 ].3[6]2[12][]1[8]3[2 −δ−−δ+δ++δ−+δ= nnnnn  
 
 (b)  ( ) ( )]1[]2[5.1]4[3O]1[2]3[5][O][][ *2*22 +δ−−δ+−δ+δ+−δ== nnnnnnhnxny  

 ]4[O]1[6]1[O]3[5]2[O]3[5.7]4[O]3[15 **** −δ+δ++δ−δ−−δ−δ+−δ−δ= nnnnnnnn  

 ]1[O]1[2]2[O]1[3 ** +δ+δ−−δ+δ+ nnnn  ]2[5]5[5.7]7[15 −δ−−δ+−δ= nnn  

 ].2[2]1[3]3[6 +δ−−δ+−δ+ nnn  
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 (c)  ( ) ( )]1[]2[5.1]4[3O]1[2]2[3][O][][ *2*13 +δ−−δ+−δ+δ−−δ−== nnnnnnhnxny  

 ]4[O]1[6]1[O]2[3]2[O]2[5.4]4[O]2[9 **** −δ+δ−+δ−δ−−δ−δ+−δ−δ= nnnnnnnn  

 ]1[O]1[2]2[O]1[3 ** +δ+δ+−δ+δ− nnnn ]1[3]4[5.4]6[9 −δ−−δ+−δ= nnn  

 ]2[2]1[3]1[3]3[6 +δ+−δ−−δ−−δ− nnnn ]3[6]1[6]2[2 −δ−−δ−+δ= nnn  
  ].6[9]4[5.4 −δ+−δ+ nn
 
 (d)  ( ) ( )]1[2][4]2[O]1[2]3[5][O][][ *1*24 −δ−δ++δ−+δ+−δ== nnnnnnhnxny  

 ]2[O]1[2]1[O]3[10][O]3[20]2[O]3[5 **** +δ+δ−−δ−δ−δ−δ++δ−δ−= nnnnnnnn  

 ]1[O]1[4][O]1[8 ** −δ+δ−δ+δ+ nnnn  ]3[2]4[10]3[20]1[5 +δ−−δ−−δ+−δ−= nnnn  

  ][4]1[8 nn δ−+δ+ ].4[10]3[20]1[5][4]1[8]3[2 −δ−−δ+−δ−δ−+δ++δ−= nnnnnn  
 
2.50 (a)   ][O][][ * nynxnu =

 .84},4,14,22,17,42,25,66,23,45,20,5,42,24{ ≤≤−−−−−−−−−= n  
 
 (b)   ][O][][ * nwnxnv =

 .111},10,4,15,6,13,30,28,3,16,10,5,7,12{ ≤≤−−−−−−−−= n  
 
 (c)   ][O][][ * nynwng =

 .131},10,39,26,14,16,11,60,26,25,14,3,3,18{ ≤≤−−−−−= n  
 
2.51   Now, .][][][ 2

1
∑ −= =

N
Nm

mnhmgny ][ mnh −  is defined for . Thus, 

for  is defined for 

21 MmnM ≤−≤

][,1 mnhNm −= 211 MNnM ≤−≤ , or equivalently, for 
.  Likewise, for 1211 NMnNM +≤≤+ ][,2 mnhNm −=  is defined for 

, or equivalently, for 221 MNnM ≤−≤ .2221 NMnNM +≤≤+   For the specified 
sequences .6,2,4,3 2121 ===−= MMNN  (a) The length of  is ][ny

121)3(24611122 =+−−−+=+−−+ NMNM . (b) The range of  for n 0][ ≠ny  is 
),max(),min( 22112211 NMNMnNMNM ++≤≤++ , i.e., 

  For the specified sequences the range of  is .2211 NMnNM +≤≤+ n .101 ≤≤− n  
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2.52   Now, 

  Let 

∑ −==
∞

−∞=k
kxknxnxnxny ].[][][O][][ 212*1

∑ −−−=−−=
∞

−∞=k
NkxkNnxNnxNnxn ].[][][O][][ 221122*11v .2 mNk =−   

Then  ∑ −−=−−−=
∞

−∞=m
NNnymxmNNnxn ].[][][][ 212211v

 
2.53 ][O][][O][O][][ 3*3*2*1 nxnynxnxnxng ==   where ].[O][][ 2*1 nxnxny =  Now 

].[O][][ 22*11 NnxNnxnv −−=   Define ].[O][][ 33* Nnxnvnh −=   Then from the 

results of Problem 2.52, ].[][ 21 NNnynv −−=   Hence, 
].[O][][ 33*21 NnxNNnynh −−−=   Therefore, making use of the results of Problem 

2.52 again we get ].[][ 321 NNNnynh −−−=  
 

2.54   Substituting  by ∑ −==
∞

−∞=k
khknxnhnxny ].[][][O][][ * k mn −  in this expression, we 

get   Hence the convolution operation is 

commutative. 

∑ =−=
∞

−∞=m
nxnhmnhmxny ].[O][][][][ *

 Let  ( ) (∑ +−=+=
∞

−∞=k
khkhknxnhnhnxny ][][][][][O][][ 2121* )

   Hence the 

convolution operation is also distributive. 

∑ +∑ =−+−=
∞

−∞=

∞

−∞=k k
nhnxnhnxkhknxkhknx ].[O][][O][][][][][ 2*1*21

 
2.55   As  is an unbounded 

sequence, the result of this convolution cannot be determined.  But 
  Now  for all values 

of , and hence the overall result is zero.  As a result, for the given sequences  
  

]).[O][(O][][O][O][ 1*2*31*2*3 nxnxnxnxnxnx = ][O][ 1*2 nxnx

]).[O][(O][][O][O][ 1*3*21*3*2 nxnxnxnxnxnx = 0][O][ 1*3 =nxnx

n
≠][O][O][ 1*2*3 nxnxnx ][O][O][ 1*3*2 nxnxnx

 
2.56   Define ].[O][O][][ ** ngnhnxnw = ∑ −==

k
knhkxnhnxny ][][][O][][ *   and 

 .][][][O][][ * ∑ −==
k

knhkgngnhnf   Consider ][O])[O][(][ **1 ngnhnxnw =  

 ].[][][][O][ * kmnhkxmgngny
km

−−∑∑==   Now consider  ])[O][(O][][ **2 ngnhnxnw =
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 ].[][][][O][ * mknhmgkxnfnx
mk

−−∑∑==   The difference between the 

expressions for  and  is that the order of the summations is changed. ][1 nw ][2 nw
 
A) Assumptions:   and  are causal sequences, and  for   This 

implies   Thus,  

][nh ][ng 0][ =nx .0<n

⎩
⎨
⎧

≥∑
<

=
= .0fork],-x[k]h[m

,0for,0
][ m

0k m

m
my ∑ −=

=

n

m
mnymgnw

0
][][][

∑ −−∑=
−

==

mn

k

n

m
kmnhkxmg

00
].[][][   All sums have only a finite number of terms.  Hence, 

the interchange of the order of the summations is justified and will give correct results. 
 
B) Assumptions:   and  are stable sequences, and  is a bounded sequence 

with 

][nh ][ng ][nx

.  Here,   ⎟
⎠
⎞⎜

⎝
⎛∑ −=∑ −= =

∞
−∞= 2

1
][][][][][ k

kkk kmxkhkmxkhmy∞<≤ Bnx ][

][
21, mkkε+  with .][

21, Bm nkk ε≤ε   In this case, all sums have effectively only a finite 

number of terms and the error ][
21, mkkε   can be reduced by choosing  and 

sufficiently large.  As a result, in this case the problem is again effectively reduced 
to that of the one-sided sequences.  Thus, the interchange of the order of the 
summations is again justified and will give correct results. 

1k

2k

 
Hence, for the convolution to be associative, it is sufficient that the sequences be stable 
and single-sided. 

 
2.57   Since  is of length .][][][ ∑ −= ∞

−∞=k khknxny ][kh M  and defined for ,10 −≤≤ Mk  

the convolution sum reduces to    will be nonzero for 
all those values of  and for k  which 

.][][][ )1(
0∑ −= −

=
M

k khknxny ][ny

n kn −  satisfies .10 −≤−≤ Nkn    Minimum 
value of  and occurs for lowest  at 0=− kn n 0=n  and .0=k  Maximum value of 

 and occurs for maximum value of  at 1−=− Nkn k .1−M   Thus 1−=− Mkn  
   Hence the total number of nonzero samples  .2−+=⇒ MNn .1−+= MN
 
2.58   The maximum value of  occurs at  when all 

product terms are present.  The maximum value is given by 
 

.][][][ 1
0∑ −= −

=
N
k kxknxny ][ny 1−= Nn

.]1[ 1
0 1∑=− −

= −−
N
k kkN aaNy

 
2.59   The maximum value of  occurs at  when all 

product terms are present.  The maximum value is given by 
 

.][][][ 1
0∑ −= −

=
N
k khknxny ][ny 1−= Nn

.]1[ 1
0 1∑=− −

= −−
N
k kkN baNy
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2.60 (a)    Now, 

  Replace  by 

∑ −== ∞
−∞=k evevevev kgknhnhngny ].[][][O][][ *

∑ −−=− ∞
−∞=k evev kgknhny ].[][][ k .k−  Then the summation on the left 

becomes  ∑ ∑ −−−=−+−=− ∞
−∞=

∞
−∞=k k evevevev kgknhkgknhny ][)]([][][][

].[ny=   Hence  is an even sequence. ][O][ * nhng evev

(b)    Now, 

 

∑ −== ∞
−∞=k evododev kgknhnhngny ].[][][O][][ *

∑ −+−=∑ −−=− ∞
−∞=

∞
−∞= k evodk evod kgknhkgknhny ][][][][][

].[][][][)]([ nykgknhkgknh k evodk evod −=∑ −−=∑ −−−= ∞
−∞=

∞
−∞=  

  Hence  is an odd sequence. ][O][ * nhng odev

 (c)    Now, 

 

∑ −== ∞
−∞=k odododod kgknhnhngny ].[][][O][][ *

∑ −+−=∑ −−=− ∞
−∞=

∞
−∞= k ododk odod kgknhkgknhny ][][][][][

].[][][][)]([ nykgknhkgknh k ododk odod =∑ −=∑ −−−= ∞
−∞=

∞
−∞=  

  Hence  is an even sequence. ][O][ * nhng odod

2.61 The impulse response of the cascade is given by ][O][][ 2*1 nhnhnh =  where 

 and    Hence, ][][1 nnh nµα= ].[][2 nnh nµβ= ( ) ].[][ 0 nnh n
k

knk µ∑ βα= =
−  

 
2.62 Now   Therefore  ].[][ nnh nµα= ][][][][ 0 knxknxkhny k

k
k −∑ α=∑ −= ∞

=
∞

−∞=

  ].1[][]1[][][][ 01 −α+=∑ −−αα+=∑ −α+= ∞
=

∞
= nynxknxnxknxnx k

k
k

k

Hence, ].1[][][ −α−= nynynx   Thus the inverse system is given by 
  The impulse response of the inverse system is given by ].1[][][ −α−= nxnxny

.10},,1{][ ≤≤α= nnh  
 
2.63 From the results of Problem 2.62 we have ( ) ].[][ 0 nnh n

k
knk µ∑ βα= =

−   Now, 

  ][][][][][][
0 00

knxknxmkhknxny
k

k

m

mkm

k

k

m

mkm

k
−∑ ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
∑ βα=−µ∑ ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
∑ βα=∑ −=

∞

= =

−∞

−∞= =

−∞

−∞=

   Substituting ].[][
1 0

knxnx
k

k

m

mkm −∑ ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∑ βα+=

∞

= =

− 1−= kr  in the last expression we get 

]1[][]1[][][
0

1

0

1

0

1

0

1 −−∑ ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
α+∑ βα+=−−∑ ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
∑ βα+=

∞

=

+

=

−+∞

=

+

=

−+ rnxnxrnxnxny
r

rr

m

mrm

r

r

m

mrm  

  ]1[]1[][
0

1

0 0
−−∑ α+−−∑ ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
∑ βαβ+=

∞

=

+∞

= =

− rnxrnxnx
r

r

r

r

m

mrm
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.]3[]2[]1[]1[][ 32 K+−α+−α+−α+−β+= nxnxnxnynx   The inverse system is 
therefore given by ].2[]1[)(][][ −αβ+−β+α−= nynynynx  

 
2.64 (a)  ].[O][][O][][O][O][O][][ 4*32*13*3*2*1 nhnhnhnhnhnhnhnhnh ++=  

 (b)  .
][O][O][1

][O][O][
][][

5*2*1

3*2*1

4 nhnhnh

nhnhnh
nhnh

−
+=  

2.65   Now  ].[][O][][ 32*1 nhnhnhnh +=

])2[2]1[(O])1[3]2[2(][O][ *2*1 +δ+−δ+δ−−δ= nnnnnhnh  

]2[O]1[3]2[O]2[2]1[O]12[3]1[O]2[2 **** +δ+δ−+δ−δ+−δ+δ−−δ−δ= nnnnnnnn  

=   Therefore,  ].3[6][]3[2 −δ−δ+−δ nnn
].1[3][]1[2]3[7]5[5]3[6][]3[2][ +δ+δ−−δ+−δ+−δ+−δ−δ+−δ= nnnnnnnnnh  

 

2.66 (a)  The length of  is ][nx .5148 =+−   Using 
⎭
⎬
⎫

⎩
⎨
⎧

∑ −−=
=

3

0
][][][

]0[

1
][

k
knxkhny

h
nx  we 

arrive at .40},2,1,0,2,3{]}[{ ≤≤−= nnx  

(b)  The length of  is ][nx .4147 =+−   Using 
⎭
⎬
⎫

⎩
⎨
⎧

∑ −−=
=

3

0
][][][

]0[

1
][

k
knxkhny

h
nx  we 

arrive at .30},4,3,2,1{]}[{ ≤≤= nnx  

(c)  The length of  is ][nx .4158 =+−   Using 
⎭
⎬
⎫

⎩
⎨
⎧

∑ −−=
=

4

0
][][][

]0[

1
][

k
knxkhny

h
nx  we 

arrive at .30},1,3,2,1{]}[{ ≤≤−−= nnx  
 
2.67 ].[]1[][ nbxnayny +−=  Hence, ].0[]1[]0[ bxayy +−=  Next,  

 Continuing further in a similar 

way we obtained  

]1[]0[]1[ bxayy +=

( ) ].1[]0[]1[]1[]0[]1[ 2 bxabxyabxbxaya ++−=++−=

.][]1[][ 0
1 ∑+−= =

−+ n
k

knn kbxayany

 (a)  Let  be the output due to an input  Then 

  If 

][1 ny ].[1 nx

.][]1[][ 0 1
1

1 ∑+−= =
−+ n

k
knn kbxayany ],[][1 onnxnx −=  then  

   
However, 

.][]1[][]1[][ 0
1

0
1

1 ∑+−=∑ −+−= −
=

−−+
=

−+ o onn
r

rnnnn
k o

knn rbxayankbxayany

  .][]1[][]1[][ 0 0
11 ∑ ∑+−=−+−=− =

−
=

−−+−−+ n
k

nn
r

rnnnn
o

knn
o o oo rbxayankbxayanny

 Hence  if ][][1 onnyny −≠ ,0]1[ ≠−y  i.e., the system is time-variant.  The system is 
time-invariant if and only if ,0]1[ =−y  as then ][][1 onnyny −= . 
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 (b)  Let  and  be the outputs due to inputs  and , respectively.  
Let  be the output due to an input 

][1 ny ][1 ny ][1 nx ][1 nx

][ny ].[][ 21 nxnx β+α   However, =β+α ][][ 21 nyny  

   whereas, ,][][]1[]1[ 0 20 1
11 ∑β+∑α+−β+−α =

−
=

−++ n
k

knn
k

knnn kbxakbxayaya

   Hence, the system is 
nonlinear if  and is linear if and only if 

.][][]1[][ 0 20 1
1 ∑β+∑α+−= =

−
=

−+ n
k

knn
k

knn kbxakbxayany

0]1[ ≠−y .0]1[ =−y  
 
 (c)  Generalizing the above result it can be shown that an N –th order causal discrete-

time system is linear and time-invariant if and only if .1,0][ Nrry ≤≤=−  
 

2.68 ]1[]1[][][ 110 −−−+= nydnxpnxpny   leads to ],1[]1[][][
0

1

0

1

0

1 −−−+= nxnynynx
p

p

p

d

p
 

 which is the difference equation characterizing the inverse system. 
 
2.69   and ,0],[][][][ 00 ≥∑=∑ −µ= == nkhknkhns n

k
n
k .0,0][ <= nns   Since  is 

nonnegative,  is a monotonically increasing function of  for , and is not 
oscillatory.  Hence, there is no overshoot. 

][kh

][ns n 0≥n

 
2.70 (a)  ].2[]1[][ −+−= nfnfnf   Let  then the difference equation reduces to  ,][ nrnf α=

021 =α−α−α −− nnn rrr which reduces further to  resulting in 012 =−− rr

.
2

51±=r   Thus, .][
2

51
12

51
1

nn
nf ⎟

⎠
⎞

⎜
⎝
⎛α+⎟

⎠
⎞

⎜
⎝
⎛α= −+  

As  hence ,0]0[ =f .021 =α+α   Also ,1]1[ =f , and hence 

.15
22

2121 =⎟
⎠
⎞⎜

⎝
⎛+⎟

⎠
⎞⎜

⎝
⎛ α−αα+α   Solving for 1α  and ,2α we get .

5

1
21 =α−=α   Hence, 

.][
2

51

5

1

2

51

5

1
nn

nf ⎟
⎠
⎞

⎜
⎝
⎛−⎟

⎠
⎞

⎜
⎝
⎛= −+  

 
(b)  ].1[]2[]1[][ −+−+−= nxnynyny   As the system is LTI, the initial conditions are 
equal to zero.  Let ].[][ nnx δ=  Then ].1[]2[]1[][ −δ+−+−= nnynyny   Hence, 

0]2[]1[]0[ =−+−= yyy  and .1]0[]2[]0[]1[ =δ+−+= yyy   For  the 
corresponding difference equation is 

,1>n
]2[]1[][ −+−= nynyny  with initial conditions 

 and  which are the same as those for the solution of the Fibonacci’s 

sequence.  Hence 

0]0[ =y ,1]1[ =y

.][
2

51

5

1

2

51

5

1
nn

ny ⎟
⎠
⎞

⎜
⎝
⎛−⎟

⎠
⎞

⎜
⎝
⎛= −+   Thus denotes the impulse 

response of a causal LTI system described by the difference equation 
].1[]2[]1[][ −+−+−= nxnynyny  

 
2.71    Denoting ].[]1[][ nxnyny +−α= ],[][][ nyjnyny imre +=  and ,bja +=α  we get 

Not for sale. 29



].[])1[]1[)((][][ nxnyjnybjanyjny imreimre +−+−+=+   Equating the real and the 
imaginary parts, and noting that  is real, we get ][nx

],[]1[]1[][ nxnbynayny imrere +−−−=   ].1[]1[][ −+−= naynbyny imreim   From the 

second equation we have ].1[][]1[
1 −−=− nynyny rea

b
imaim   Substituting this 

equation in the top left equation we arrive at  

],[]1[][]1[][
2

nxnynynayny rea

b
ima

b
rere +−+−−=  from which we get 

].1[]2[)(]1[]1[ 22 −+−++−−=− naxnybanaynby rereim   Substituting this equation 
in the equation ][]1[]1[][ nxnbynayny imrere +−−−=  we arrive at 

]1[][]2[)(]1[2][ 22 −−+−+−−= naxnxnybanayny rerere  which is a second-order 
difference equation representing  in terms of  ][nyre ].[nx

 
2.72 The first-order causal LTI system is characterized by the difference equation 

].1[]1[][][ 110 −−−+= nydnxpnxpny   Letting ][][ nnx δ=   we obtain the difference 
equation representation of its impulse response ].1[]1[][][ 110 −−−δ+δ= nhdnpnpnh  
Solving it for  we get ,2,1,0=n ,]0[]1[,]0[ 011110 pdphdphph −=−==  and 

).(]1[]2[ 011011 pdppdhdh −−=−=   Solving these equations we get  ],0[0 hp =

,
]1[

]2[
1 h

h
d −=  and .]1[

]1[

]0[]2[
1 h

hh
hp −=  

 

2.73   Let .][][
00

∑ −=∑ −
==

N

k
k

M

k
k knydknxp ].[][ nnx δ=  Then  .][][

00
∑ −=∑ −δ
==

N

k
k

M

k
k knhdknp

 Thus,  Since the system is assumed to be causal, ∑ −= =
N
k kr krhdp 0 ].[ 0][ =− krh  

 for all   Hence,  .rk > ∑ ∑=−= = = −
N
k

N
k krkr dkhkrhdp 0 0 .][][

 
2.74 For a filter with a complex-valued impulse response, the first part of the proof is the 

same as that for a filter with a real-valued impulse response.  From 
 we get ∑ −= ∞

−∞=k knxkhny ][][][ ∑ −≤∑ −= ∞
−∞=

∞
−∞= kk knxkhknxkhny ][][][][][ . 

 Since the input is bounded .][ xBnx ≤  Therefore .][][ ∑≤ ∞
−∞=kx khBny   So if 

 ,][ ∞<=∑∞
−∞= Skhk then SBny x≤][  indicating that  is also bounded. ][ny

 
 To prove the converse we need to show that if a bounded input is produced by a 

bounded input then  Consider the following bounded input defined by  .∞<S

  .
][

][*
][

nh

nh
nx

−
−

= Then .][
][

][][*
][ Skh

kh

khkh
ny

kk
=∑=∑

−
=

∞

−∞=

∞

−∞=
  Now since the output 

is bounded,   Thus for a filter with a complex impulse response is BIBO stable if  .∞<S

 and only if .][ ∞<=∑∞
−∞= Skhk  
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2.75 The impulse response of the cascade is   Thus .][][][ 21∑ −= ∞

−∞=k rhrkhkg

 .][][][][][ 2121 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∑⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
∑≤∑ ∑ −=∑

∞

−∞=

∞

−∞=

∞

−∞=

∞

−∞=

∞

−∞= rkk rk
rhkhrhrkhkg   Since 

][1 nh  and are stable, ][2 nh ∑ ∞<
k

kh ][1 and .][2∑ ∞<
k

kh  Hence ∑ ∞<
k

kg ][  and as a 

result, a cascade of two stable LTI systems is also stable. 
 
2.76 The impulse response of the parallel structure is ].[][][ 21 nhnhng +=   Now, 

.][][][][][ 2121 ∑ ∑+≤∑ +=∑
∞

−∞=

∞

−∞=

∞

−∞=

∞

−∞= k kkk
khkhkhkhkg   Since  and 

are stable, 

][1 nh

][2 nh ∑ ∞<
k

kh ][1 and .][2∑ ∞<
k

kh  Hence ∑ ∞<
k

kg ][  and as a result, a 

parallel connection of two stable LTI systems is also stable. 
 
2.77 Consider a cascade connection of two passive LTI systems with an input  and an 

output   Let  and  be the outputs of the two systems for the input 

  Now 

][nx
].[ny ][1 ny ][2 ny

].[nx ∑≤∑ ∞
−∞=

∞
−∞= nn nxny

22
1 ][][ and .][][ 22

2 ∑≤∑ ∞
−∞=

∞
−∞= nn nxny  Let 

 satisfying the above inequalities.  Then  

 and as a result, 

][][][ 21 nxnyny == ][][][ 21 nynyny +=

][2 nx=
222

][][4][ ∑>∑=∑ ∞
−∞=

∞
−∞=

∞
−∞= nnn nxnxny .  Hence, the  

 parallel connection of two passive LTI systems may not be passive. 
 
2.78 Consider a parallel connection of two passive LTI systems with an input  and an 

output   Let  and  be the outputs of the two systems for the input 

  Now 

][nx
].[ny ][1 ny ][2 ny

].[nx ∑≤∑ ∞
−∞=

∞
−∞= nn nxny

22
1 ][][ and .][][ 22

2 ∑≤∑ ∞
−∞=

∞
−∞= nn nxny  Let 

 satisfying the above inequalities.  Then  

 and as a result, 

][][][ 21 nxnyny == ][][][ 21 nynyny +=

][2 nx=
222

][][4][ ∑>∑=∑ ∞
−∞=

∞
−∞=

∞
−∞= nnn nxnxny .  Hence, the  

 parallel connection of two passive LTI systems may not be passive. 
 
2.79 Let the difference equation  represents the 

causal IIR digital filter.  For an input 
∑ −+=∑ − ==

N
k k

M
k k knydnyknxp 10 ][][][

],[][ nnx δ= the corresponding output is then 
 the impulse response of the filter.  As the number of coefficients  is 

 and the number of coefficients  is , there are a total of 
],[][ nhny = }{ kp

1+M }{ kd N 1++ MN  
unknowns.  To determine these coefficients from the impulse response samples, we 
compute only the first 1++ MN  impulse response samples.  To illustrate the method, 
without any loss of generality, we assume .3== MN  Then, from the difference 
equation we arrive at the following 71 =++ MN  equations: 
  ,]0[ 0ph =
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 ,]0[]1[ 11 pdhh =+  
,]0[]1[]2[ 221 pdhdhh =++  

,]0[]1[]2[]3[ 2221 pdhdhdhh =+++  
,0]1[]2[]3[]4[ 221 =+++ dhdhdhh  
,0]2[]3[]4[]5[ 221 =+++ dhdhdhh  
.0]3[]4[]5[]6[ 221 =+++ dhdhdhh  

Writing the last three equations in matrix form we arrive at 

,
0
0
0

]3[]4[]5[
]2[]3[]4[
]1[]2[]3[

]6[
]5[
]4[

3

2

1

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
=

⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
=

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

d
d
d

hhh
hhh
hhh

h
h
h

  and hence,  .
]6[
]5[
]4[

]3[]4[]5[
]2[]3[]4[
]1[]2[]3[ 1

3

2

1

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−=

⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡ −

h
h
h

hhh
hhh
hhh

d
d
d

Substituting these values in the first four equations written in matrix form we get 

.

1

]0[]1[]2[]3[
0]0[]1[]2[
00]0[]1[
000]0[

3

2

1

3

2

1

0

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

=
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

d
d
d

hhhh
hhh

hh
h

p
p
p
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2.80 .]1[]1[][]1[][]1[][

2

)1(
000

+
=== +−∑ =+−∑ =µ+−∑ =+−= nnnnn yyyxyny lll llll  

 (a)   For .][,0]1[
2

)1( +==− nn
nyy  

 (b)  For .2][,2]1[
2

4

2

)1( 2 −++ =+−=−=− nnnn
nyy  

 
2.81 ( ) ( ) ( ).)1()1()()1()( )1( TnxTTnydxTnynTy nT

Tn −⋅+−∫ =ττ+−= −   Therefore, the 

difference equation representation is given by ]1[]1[][ −⋅+−= nxTnyny  where 
 and  )(][ nTyny = ).(][ nTxnx =

 
2.82 ∑ ≥+∑ == −

==
1
1

11
1

1
.1],[][][][ n

nn
n

n
nnxxxny ll ll   Now ∑ ≥=− −

=−
1
11

1
,1],[]1[ n

n
nxny l l  i.e, 

   Thus, the difference equation representation is given by ∑ −−=−
=

1
1 ].1[)1(][n nynxl l

 ].[]1[][
11 nxnyny
nn

n +−⎟
⎠
⎞⎜

⎝
⎛= −  

 
2.83  with ][4.2]1[35.0][ nnyny µ=−− .3]1[ =−y   The total solution is given by 

],[][][ nynyny pc +=  where  is the complementary solution and  is the 
particular solution.   

][nyc ][ny p

][nyc  is obtained by solving .0]1[35.0][ =−− nyny cc   To this end we set  

which yields  resulting in the solution 

,][ n
c ny λ=

035.0 1 =λ−λ −nn .35.0=λ   Hence 
 .)35.0(][ n

c ny α=
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For the particular solution we choose .][ β=ny p  Substituting this solution in the 
difference equation representing the system we get ].[4.235.0 nµ=β−β   For 0=n  we 
get , i.e., 4.235.0 =β−β 4.2)35.01( =β−  and hence .13/4865.0/4.2 ==β  

Therefore .0,)35.0(][][][
13

48 ≥+α=+= nnynyny n
pc   For ,1−=n  we thus have 

13

481)35.0(3]1[ +α==− −y  implying .2423.0−=α   The total solution is thus given by 

.0,)35.0(2423.0][
13

48 ≥+−= nny n  

 
2.84  with ][3]2[04.0]1[3.0][ nnynyny n µ=−−−− 2]1[ =−y  and  The total 

solution is given by 
.1]2[ =−y

],[][][ nynyny pc +=  where  is the complementary solution 

and  is the particular solution.   

][nyc

][nyp

][nyc  is obtained by solving .0]2[04.0]1[3.0][ =−−−− nynyny ccc   To this end we 

set  which yields  resulting in the solutions 

 or   Hence  

,][ n
c ny λ= 004.03.0 21 =λ−λ−λ −− nnn

4.0=λ .1.0−=λ .)1.0()4.0(][ 21
nn

c ny −α+α=

For the particular solution we choose  Substituting this solution in the 
difference equation representing the system we get 

  For 

.)3(][ n
p ny β=

].[3)3(04.0)3(3.0)3( 21 nnnnn µ=β−β−β −− 0=n  we have 

 which yields 1)3(04.0)3(3.0 21 =β−β−β −− .1166.1=β   Therefore 

  For  and 

 we thus have  and 

.0,)3(1166.1)1.0()4.0(][][][ 21 ≥+−α+α=+= nnynyny nnn
pc 1−=n

2−=n 2)3(1166.1)1.0()4.0(]1[ 11
2

1
1 =+−α+α=− −−−y

.1)3(1166.1)1.0(2)4.0(]2[ 22
2

1
1 =+−α+α=− −−−y   Solving these two equations we 

get  and 5489.01 =α .0255.02 −=α  Hence, 

 .0,)3(1166.1)1.0(0255.0)4.0(5489.0][ ≥+−−= nny nnn

 
2.85 ]1[2][]2[04.0]1[3.0][ −+=−−−− nxnxnynyny  with  ],[3][ nnx n µ= 2]1[ =−y  and 

   The total solution is given by .1]2[ =−y ],[][][ nynyny pc +=  where  is the 

complementary solution and  is the particular solution.  From the solution of 

Problem 2.84, the complementary solution is of the form  

][nyc

][nyp

.)1.0()4.0(][ 21
nn

c ny −α+α=
  

To determine  we observe that the it is given by the sum of the particular solution 

 of the difference equation  

and the particular solution  of the difference equation 

][ny p

][1 ny p ][3][]2[04.0]1[3.0][ 111 nnxnynyny n µ==−−−−

][2 nyp
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].1[32]1[2]2[04.0]1[3.0][ 1
222 −µ⋅=−=−−−− − nnxnynyny n  From the solution of 

Problem 2.84, we have   Hence,  

Therefore,    

.)3(][1
n

p ny β= .)3(2]1[2][ 1
12

−β=−= n
pp nyny

].1[32][3)3(2)3(][2][][ 11
21 −µ⋅+µ=β+β=+= −− nnnynyny nnnn

ppp

For  the above equation reduces to 1=n .6323 +=β+β   Thus,  Therefore, 
the total solution is given by 

.5/9=β

.0,)3()3()1.0()4.0(][][][ 1
5

18

5

9
21 ≥++−α+α=+= − nnynyny nnnn

pc   For 1−=n  

and  we thus have 2−=n 2)3()3()1.0()4.0(]1[ 2
5

181
5

91
2

1
1 =++−α+α=− −−−−y  and 

.1)3()3()1.0()4.0(]2[ 3
5

182
5

92
2

2
1 =++−α+α=− −−−−y  Solving these two equations 

we get  and 0.34131 =α .0.01472 −=α  Hence, 

.0,)3()3()1.0(0.0147)4.0(0.3413][ 1
5

18

5

9 ≥++−−= − nny nnnn  

 
2.86   The solution is given by ].[]1[35.0][ nnhnh δ=−− ],[][][ nhnhnh pc +=  where  

is the complementary solution and  is the particular solution.  If  is the 

impulse response, then 

][nhc

][nhp ][nh

.0][ =nhp   From Problem 2.83 we note that  .)35.0(][ n
c nh α=

 Thus, .1]0[]1[35.0]0[ ==−− hhh   This implies .1=α  Hence,  .0,)35.0(][ ≥= nnh n

 
2.87 The overall system can be regarded as the cascade of two causal LTI systems:  

S1: ][]2[04.0]1[3.0][ 1 nxnynyny =−−−−  and  S2: ]1[2][][1 −+= nxnxnx . 
 

The impulse response of the system S1 can be found by solving the 
complementary solution of 

][1 nh

][]2[04.0]1[3.0][ 111 nnhnhnh δ=−−−− . Let the 

complementary solution be , we have  
hence . Therefore, the impulse response  is given by 

. Solving constants we get 

n
c nh λ=][1 004.03.0 21 =λ−λ−λ −− nnn

{ 1.0,4.0 −=λ } ][1 nh

0,)1.0()4.0(][][ 11 ≥−+== nBAnhnh nn
c ,, BA 8.0=A  

and  Hence . .2.0=B .0,)1.0(2.0)4.0(8.0][1 ≥−+= nnh nn

 
The impulse response of the system S2 is given by ][2 nh ].1[2][][2 −δ+δ= nnnh . 

 
The impulse response  of the overall system is ][nh

( ) ( ) ]1[)1.0(2.0)4.0(8.02][)1.0(2.0)4.0(8.0][*][][ 11
21 −µ−++µ−+== −− nnnhnhnh nnnn

].1[)1.0(38.0]1[)4.0(92.1][ 11 −µ−+−µ+δ= −− nnn nn  
 
2.88   Step response is then given by  .10],[)(][ <α<µα−= nnh n ][O][][ * nnhns µ=
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⎩
⎨
⎧

<
≥∑ α−=−µ∑ µα−=µµα−= =

∞

−∞= 0,0
,0,)(][][)(][O][)( 0*

n
nknknn

n
k

k

k

kn

 
⎪⎩

⎪
⎨
⎧

<

≥= α+
α−− +

.0,0

,0,
1

)(1 1

n

n
n

 

2.89 Let .)( n
i

K
n nA λ=  Then .

11
i

K

n

n

n

n

A

A
λ

+
=+  Now .1

1
lim =

+
∞→

K

n n

n  Since there 

exists a positive integer  such that for all oN .1
2

1
0, 1 <

λ+
<<> + i

n

n
o A

A
Nn  Hence 

converges. ∑∞
=0n nA

 
2.90 ,33},2,0,3,2,1,5,4{]}[{ ≤≤−−−−= nnx   
 ,51},2,7,8,0,1,3,6{]}[{ ≤≤−−−−= nny  
 .82},5,2,0,1,2,2,3{]}[{ ≤≤−−= nnw  
 
 (a)   .66,][][][ 3

3 ≤≤−∑ −= −= lll nxx nxnxr

 ,66},8,10,14,11,23,11,59,11,23,11,14,10,8{]}[{ ≤≤−−−−−−−−−= llxxr  

  .66,][][][ 5
5 ≤≤−∑ −= −= lll nyy nxnxr

 ,66},12,48,29,31,30,27,163,27,30,31,29,48,12{]}[{ ≤≤−−−−−−−= llyyr  

  .66,][][][ 6
6 ≤≤−∑ −= −= lll nww nxnxr

 ,66},15,4,6,12,6,2,47,2,6,12,6,4,15{]}[{ ≤≤−−−−−= llwwr  
 

(b)   .48,][][][ 3
5 ≤≤−∑ −= −= lll nxy nynxr

,48},12,6,20,3,31,43,68,30,4,51,1,38,8{]}[{ ≤≤−−−−−−−= llxyr  

.111,][][][ 3
8 ≤≤−∑ −= −= lll nxw nynxr  

,111},6,4,5,14,7,12,12,7,24,8,5,33,20{]}[{ ≤≤−−−−−−−−= llxwr  
 
2.91 (a)     ].[][1 nnx nµα= ][][][][][ 1111

lll l −µαµ∑ α=−∑= −∞
−∞=

∞
−∞= nnnxnxr n

n
n

nxx

 
⎪⎩

⎪
⎨
⎧

≥∑ α

<∑ α
=−µ∑ α=

∞
=

−

∞
=

−
∞

=
−

,0,

,0,
][

2
0

2

0
2

l

l
l

l
l

l
l

n
n

n
n

n
n n

⎪
⎪
⎩

⎪⎪
⎨

⎧

≥

<
=

α−

α
α−

α −

.0,

,0,

2

2

1

1

l

l

l

l

 

Note for ,][,0
211 1 α−

α=≥
l

ll xxr  and for .
1 211

][,0
α−

α−
=<

l

ll xxr  Replacing l  with l−  

in the second expression we get .
11

][][
1122

)(

11
ll

ll

xxxx rr =
α−

α

α−

α ==−
−−

  Hence,  ][
11
lxxr
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is an even function of   Maximum value of  occurs at  since  is a 

decaying function for increasing when 

.l ][
11
lxxr 0=l lα

.1<α  
 

(b)    Now  where 

  Therefore,  

⎩
⎨
⎧ −≤≤=

otherwise.,0
,10,1][2

Nnnx ,][][ 1
0 222

∑ −= −
=

N
nxx nxr ll

⎩
⎨
⎧ +−≤≤=−

otherwise.,0
,1,1][2
lll Nnnx

⎪
⎪
⎩

⎪
⎪
⎨

⎧

−>
−≤−<−

=
≤≤−−+

−−<

=

.1for,0
,10for,

,0for,
,0)1(for,

),1(for,0

][
22

N
NNN

N
NN

N

r xx

l
ll

l
ll

l

l

It follows from the above that  is a triangular function of , and hence is an 
even function with a maximum value of  at 

][
22
lxxr l

N .0=l  
 

2.92 (a)   ⎟
⎠
⎞⎜

⎝
⎛= π

M

nnx cos][1  where M  is a positive integer.  Period of  is , and 

hence 

][1 nx M2

⎟
⎠
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⎜
⎝
⎛ +π

∑ ⎟
⎠
⎞

⎜
⎝
⎛ π
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M
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M
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n
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⎜
⎝
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=
−

=

1
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4
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∑ ⎟
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⎜
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n
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(b)  { } { } .50,5,4,3,2,1,0][ 62 ≤≤=〉〈= nnnx   It is a periodic sequence with a 

period  Thus, .6 .50,][][][ 62
5

0 26

1
22

≤≤〉+〈∑= = lll nxnxr nxx    is also a 

periodic sequence with a period  

][
22
lxxr

.6

( ) ,]5[]5[]4[]4[]3[]3[]2[]2[]1[]1[]0[]0[]0[
6

55
2222222222226

1
22

=+++++= xxxxxxxxxxxxr xx

( ) ,]0[]5[]5[]4[]4[]3[]3[]2[]2[]1[]1[]0[]1[
6

40
2222222222226

1
22

=+++++= xxxxxxxxxxxxr xx
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( ) ,]1[]5[]0[]4[]5[]3[]4[]2[]3[]1[]2[]0[]2[
6

32
2222222222226

1
22

=+++++= xxxxxxxxxxxxr xx

( ) ,]2[]5[]1[]4[]0[]3[]5[]2[]4[]1[]3[]0[]3[
6

28
2222222222226

1
22

=+++++= xxxxxxxxxxxxr xx

( ) ,]4[]3[]2[]4[]1[]3[]0[]2[]5[]1[]4[]0[]4[
6

31
2222222222226

1
22

=+++++= xxxxxxxxxxxxr xx

( ) .
6

40
2222222222226

1
]4[]5[]3[]4[]2[]3[]1[]2[]0[]1[]5[]0[]5[

22
=+++++= xxxxxxxxxxxxr xx

 
(c)   is a periodic sequence with a period  Thus, nnx )1(][3 −= .2

.10],[][][ 3
1

0 32

1
33

≤≤+∑= = lll nxnxr nxx   Hence, 

( ) ,1]1[]1[]0[]0[]0[ 33332

1
33

=+= xxxxr xx  ( ) .1]0[]1[]1[]0[]1[ 3333x
2

1
33

−=+= xxxr xx  

][
33
lxxr  is also a periodic sequence with a period  .2

 
M2.1 (a)  The input data entered during the execution of Program 2_2.m are: 
 Type in real exponent = -1/12 
 Type in imaginary exponent = pi/6 
 Type in gain constant = 1 

Type in length of sequence = 41 
 
(b)  The input data entered during the execution of Program 2_2.m are: 

 Type in real exponent = -1/12 
 Type in imaginary exponent = pi/6 
 Type in gain constant = 1 

Type in length of sequence = 41 
 

0 10 20 30 40

-1.5

-1

-0.5

0

0.5

Time index n

A
m

pl
itu

de

Real part

0 5 10 15 20 25 30

-1.5

-1

-0.5

0

Time index n

A
m

pl
itu

de

Imaginary part

 
M2.2  (a)    The plots generated using Program  2_2.m are shown below: .][~ 4.0 nj

a enx π−=
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(b) The code fragment used to generate )8.08.0sin(][~ π+π= nnx b  is as follows: 
x = sin(0.8*pi*n + 0.8*pi); 

The plot of the periodic sequence is given below: 
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(c)  The code fragment used to generate ( ) ( )10/5/ ImRe][~ njnj
c eenx ππ +=  is as 

follows: 
x = real(exp(i*pi*n/5)+ imag(exp(i*pi*n/10); 

The plot of the periodic sequence is given below: 
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(d)  The code fragment used to generate )5.05.0sin(4)3.1cos(3][~ π+π−π= nnnx d  is as 
follows: 

x = 3*cos(1.3*pi*n)-4*sin(0.5*pi*n+0.5*pi); 
The plot of the periodic sequence is given below: 
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(e)  The code fragment used to generate 

)5.0sin()6.0cos(4)75.05.1cos(5][~ nnnnx e π−π+π+π=  is as follows: 
x = 5*cos(1.5*pi*n+0.75*pi)+4*cos(0.6*pi*n)-sin(0.5*pi*n); 
The plot of the periodic sequence is given below: 

0 10 20 30 40
-10

-5

0

5

10

n

A
m

pl
itu

de

 
M2.3 (a)  L = input('Desired length = '); 

A = input('Amplitude = '); 
omega = input('Angular frequency = '); 
phi = input('Phase = '); 
n = 0:L-1; 
x = A*cos(omega*n + phi); 
stem(n,x); 
xlabel('Time Index'); ylabel('Amplitude'); 
title(['\omega_{o} = ',num2str(omega/pi),'\pi']); 
 

(b) 
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M2.4  t = 0:0.001:1; 

fo = input('Frequency of sinusoid in Hz = '); 
FT = input('Sampling frequency in Hz = '); 
g1 = cos(2*pi*fo*t); 
plot(t,g1,'-'); 
xlabel('time'); ylabel('Amplitude'); hold 
n = 0:1:FT; 
gs = cos(2*pi*fo*n/FT); 
plot(n/FT,gs,'o'); hold off 

 
M2.5 t = 0:0.001:0.85; 

g1 = cos(6*pi*t); g2 = cos(14*pi*t); g3 = 
cos(26*pi*t); 
plot(t/0.85,g1,'-', t/0.85, g2, '--', t/0.85, g3,':'); 
xlabel('time'); ylabel('Amplitude'); hold 
n = 0:1:8; gs = cos(0.6*pi*n); plot(n/8.5,gs,'o');  
hold off 
 

M2.6 As the length of the moving average filter is increased, the output of the filter gets more 
smoother. However, the delay between the input and the output sequences also 
increases (This can be seen from the plots generated by Program 2_4.m for various 
values of the filter length.) 

 
M2.7 alpha = input('Alpha = '); 

y0 = 1; y1 = 0.5*(y0 + (alpha/y0)); 
while abs(y1-y0)>0.00001 

     y2 = 0.5*(y1+(alpha/y1)); 
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     y0 = y1; y1 = y2; 
end 
disp('Squre root of alpha is'); disp(y1); 
 

M2.8 format long 
alpha = input('Alpha = '); 
y0 = 0.3; y = zeros(1,61); 
L = length(y) - 1; 
y(1) = alpha - y0*y0 + y0; n = 2; 

 
while abs(y(n-1) - y0) > 0.00001 

      y2 = alpha - y(n-1)*y(n-1) + y(n-1); 
      y0 = y(n-1); y(n) = y2; 
      n = n+1; 

end 
disp('Square root of alpha is');disp(y(n-1)); 
m = 0:n-2; 
err = y(1:n-1) - sqrt(alpha); 
stem(m,err); 
axis([0 n-2 min(err) max(err)]); 
xlabel('Time index n'); ylabel('Error'); 
title(['\alpha = ',num2str(alpha)]); 

 
 The displayed out is  
 Square root of alpha is 
    0.84178104293115 
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M2.9 ,33},2,0,3,2,1,5,4{]}[{ ≤≤−−−−= nnx  
 ,51},2,7,8,0,1,3,6{]}[{ ≤≤−−−−= nny  
 .82},5,2,0,1,2,2,3{]}[{ ≤≤−−= nnw  
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M2.10 N = input('Length of sequence = '); 

n = 0:N-1; 
x = exp(-0.8*n); 
y = rand(1,N)-0.5+x; 
n1 = length(x)-1; 
r = conv(y,fliplr(y)); 
k = (-n1):n1; 
stem(k,r); 
xlabel('Lag_index'); ylabel('Amplitude'); 
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