APPLICATION OF THE LAPLACE TRANSFORM
TO CIRCUIT ANALYSIS

'LEARNING GOALS

Laplace circuit solutions
Showing the usefulness of the Laplace transform

Circuit Element Models
Transforming circuits into the Laplace domain

Analysis Techniques
All standard analysis techniques, KVL, KCL, node,
loop analysis, Thevenin’s theorem are applicable

Transfer Function
The concept is revisited and given a formal meaning

Pole-Zero Plots/Bode Plots
Establishing the connection between them

Steady State Response
AC analysis revisited

=3 (GEATx >




LAPLACE CIRCUIT SOLUTIONS

We compare a conventional approach to solve differential equations with a
technique using the Laplace transform

i(r) R=10010 Comple “Take Laplace transform” of the equation
mentary

ve(t)=Ri(t +L t
velt) =1 ulr) ;L ~ 100 mH S( ) ( ) ( )DL

V(s)=RI(s)+LL

di i=ip+1i Initial conditions
: i p
KVL: ve(?)=Ri(¢)+ L—(¢) P di are automatically
dt - L|—|=sI(s)—i(0)=sI(s) included
Complementary equation ) | g :
) di . _ t . —=RI(s)+LsI(s I(s)=————
RzC(t)+L§(t)=O:>zC(t)=KCe @ s (s)+LsI(s) () s(R+ Ls)
c 1/L K, K, Only algebra
RK e ™™ + LK oy _ 0= g =X I(s)= = " i
e +LK (-oe )= —0=, u s(R/L+s) s s+R/L isneeded
) : . |
Particular solution for this case 1
a Kl :SI(S) |s=0:_
. _ —~v.=1=RK R No need to
i,()=K, Vs p r |  search for

. 1 =, Use boundary conditions K, =(s+R/L)I(s)|_ p/ ;= 2 particular
z(t)=E+KCe vo(®)=0 fort<0=> i(0)=0 or comple-

_R, K mentary
f)=—|1-e L ;>0 :
i(t)=— [1 e L ]; t>0 i(t) = - ) solutions
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LEARNING BY DOING | Find v(¢), >0

In the Laplace domain the differential
equation is now an algebraic equation

RCsV (s)+V (s)= 1

Cdv S
_ dt V(s)= 1 _ 1/RC
[~ W) s(RCs+1) s(s+1/RC)
Use partial fractions to determine inverse
W, D=V g vo_ URC K K
i s(s+1/RC) s s+1/RC
d
RCd—:+v=vS K, =sV(s)|,_=1
)L K, =(s+1/RCW(8)|s—_y/pc="1
RCL[%} +V(s)=V(s) t

v(t):l—e_ﬁ, t>0

L{%} =sV(s)—v(0)=sV(s)

yo(£)=0,¢<0=>p(0)=0 Initial condition
given in implicit
form
Vg = u(t) = VS(S) =—
S
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CIRCUIT ELEMENT MODELS

The method used so far follows the steps:
1. Write the differential equation model
2. Use Laplace transform to convert the model to an algebraic form

For a more efficient approach:

1. Develop s-domain models for circuit elements

2. Draw the “Laplace equivalent circuit” keeping the interconnections and replacing
the elements by their s-domain models

3. Analyze the Laplace equivalent circuit. All usual circuit tools are applicable and all
equations are algebraic.

Resistor
Independent sources M e I(s)
\
|
e
II
|

vs(t) > Vg (s) S

ig(t) = I(s) 0 Sk
Dependent sources \ 5
vp(t)=Aic(t) >Vp(s)=Al(s) )
ip(t)=Bvc(t) > Ip(s)=BV(s) v(¢t) = Ri(t) =V (s) = RI(s)

N
:|
|

S

. )

S

LY
e,

i

|

~,
Ql
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Capacitor: Model 1 Source transformation { J.l (x) dx} 1(s)

i(r) I(s) S
o C o - ] v(0)
] ~sC qu —_ 8 :CV(O)

v(t) :% [i(x)dx+v(0) W (s)= él(s) + @ % Cs
0

v

||

|
2|

0

Impedance in series
with voltage source

Capacitor: Model 2

8]

II\ \ Ii] (\1' O I:“} l
i‘ & v(r) — LJ |L Vis) ’Jj% GD Co(0)

I(s)=CsV (s)—Cv(0)

o

L_

1 t
v(t)=— [i(x)dx +v(0)
Cs Impedance in parallel
with current source
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Inductor Models

ir)
C? T L{ﬂ = sI(s)—i(0)
/ o(t) I
O i(0) l

y(t) = Lg(z‘) =V (s)= L(sI(s)—i(0))
1) V) O

Ls S
~ I(s) Y _ I(s)
3 ‘ sl ) ' .
Vi(s) V(s) sl @ ()
Li(0) k L
© | .
V (s)= LsI(s)— Li(0) I(s)= Vis) , i(0)

Ls S
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Mutual Inductance

f(f)

p TORY M
O - - O d. d.
- IR ' n(0)= 1,50+ M 22 0
-!'|[.I'-:| L] L]
Ny

l!l'\l[.ll} 3 °
. di di

v (=M —2(t)+ L, —2(¢
»(7) dt() 2dt()

F

AN

V,(s)= LI, (s) i,(0) + MsI, (s) A\ Mi, (0 Combine into a single source in the primary
V,(s)= Msl,(s){ Mi,(0) LsI,(s)—-Li,(0)Y Single source in the secondary

_

L (0) + Mis(0)  Lis(0) + Miy(0)
[_':__'1}
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LEARNING BY DOING | Determine the model in the s-domain and the expression for

the voltage across the inductor
Steady state for t<0

- = Iis)
(=0 i(0)=14 Inductor with

°7 ° T — |__ initial current
+
1A CD 3151 1H§n;.ra

%"""'ﬁ'} KVL: 1=(1+s)I(s)
Ohm's Law
+ )1 1

V(S) = —IXI(S) = V(S) = —m

Equivalent circuit in
s-domain
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ANALYSIS TECHNIQUES

All the analysis techniques are applicable in the s-domain

LEARNING EXAMPLE | Draw the s-domain equivalent and find the voltage in both

s-domain and time domain

3
Is(s)= s+1 ! + One needs to determine the initial voltage
across the capacitor
f5(r) = 3e-tu(r) mA CT)R =10 R”g C=25pF 2=, (1)
' I{%)
-0 =

* t L1

T

ig(1)=0,t<0=v,00)=0 vie) e

I(s)
RC =(10x10°)(25%x107%)=0.25 o(0)/ +
» T _
i —0
Ig(s) = — R=10k ==V (s)
s+1 G % L 40000 V (s)= 120 _ K, N K,
L sC s (s+4)(s+1) s+4 s+1
| K, =(s+4)V,(s)|,-4=—40
Vo(”:("”aj’s(” Ky =(s+1)V, (5)],_ =40
R
P -3 _ -t -4t
Vo(s): CS IS(S): 1/C X3X10 vo(t)—40le € J”(t)
Ryl s+1/RC  s+1
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LEARNING EXAMPLE

Write the loop equations in the s-domain

'J'J‘,l{ ” <+>

I(s)

(c)

[ [»>]

2

R, () L R, N N 1
oy Ll il I PN A Do not increase | L v g
::'-“ = 0 number of loops o(0)
G 7= foa(0) © -
+ o—
) esln) N
A C+) oD Lg
L,% i,(0) i0) |
m
.
R ﬁ IJ'_EOJ . Lir(0) R. Loop 1
| oL, :
W - p,(0) ¥,(0
S . Va9 =124 20 i 0) -
sC; T 1
R111(5)+C—11(S)+C—(11(S)_12(5))+L15(11(S)_12(S))
C—) 25(0) 18 28
+ ¥
@ () G) Vi(s)
% s Loop 2
_ v (O) .
Ok Li (0~ "2~ Liy (0)+ Vs (s) =

L1s(12(s)—Il(s))+a(12(s)—Il(s))+(L2s+R2)12§s)




LEARNING EXAMPLE

Write the node equations in the s-domain

i) I(s)
i»(0) o = e l
e (1) /= C V(s) e G) Cu(0)
u—_—lH—u . - i) Il[ﬂ')
RO - T g -
G G, |L lf' ©) § G, | & == u,(0) ip(0) ol t mm @ 0) D
+ s(ml B
- O O b
'l‘ Node V; Do not increase number

e i i f nodes

o2 0 of no
IA(S)—ll(O)_ 1V1(O)+lz( )=
S S
2(0) 1 1 1
S G+—+—+Cis Vi(s)—| —+C;s [V, (s)
l—@—u LIS 2S L2S
] Node V,
SC1 i,(0)
—— I (s)—Cyv,(0)+Cvy(0) - S =
. 1 1
(5) IO V(s) Lzs Lzs
] . 1 Cy4(0)
(T) La(s) G ”»lC{) @ %Gg "[‘%2 2 ICT I(s)
T

GEAUX >
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| LEARNING EXAMPLE | Find v,(¢) using node analysis, loop analysis, superposition,

30

~ source transformation, Thevenin's and Norton's theorem.

Assume all initial conditions are zero

4.:u:r}fx<1‘> g ]H gzu

: Vi(s)

KCL @ V; 1
v,(1) Q L 2+ ;

AN O AC

@EEHU}V _ 4 : _ 0 Xs
- 0 S s 1
N (a) S
KCL@VO Could have
V() V,()-Vi(s) ., usedvoltage
Node Analysis ) + i =0 divider here
| S
3 Vljﬂ ;:{ . . (14 s2W ()= sV, (s) = 4s +12 T
¢ ' —> s
l | —2sV(s)+(1+ 25V, (s)=0 x(1+s%)
¥
4 K
*)12 ’ 1+ s)2
_ s
. »)
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Loop Analysis

30 LF
M| o
{
§ I H
4u|[r}A(T) %2 Q v, (1)
(? 12u(t)V
- O

Loop 1
4

I(s)=—
S

Loop 2

s(Iz(s)—Il(s))+§12(8)+212(s) :%

4(s+3)
(s+1)*

I,(s)=

8(s+3)

2

O V,(s)=21,(s)= (s+1)2

V.(s5)

<] [»>]
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Source Superposition

Applying current source

W » I{ 'Y O
30 LF 3 1 '
W gE
| o s 2 V. ()
4u|[r}A<T) %2 Q 0. (0) I,
*Y12un v J — : 0
= L o Current divider
X : S 4
(a) Vo(S)=2XfX—
1 P
3 Vils) S s
» O .
I | Applying voltage source
s AR °
% V.(s5) 5 B
2 V7 (s)
N oo :
-/ 75 12
o 5 _
— d ¢ ﬂ

V,(5)=V (s)+V (s)=

8(s+3)
(s+ 1)2

Voltage divider

V,(s)= —? <12
2+4-+s °
S

<] [»>]

GEAUX >



Source Transformation

Combine the sources and use current

The resistance is redundant

: divider
3 | Vs ?r
\"W * y - O
|
3
4 .
o %2 V.(s5)
+312
- 5
- O
g
] +
5
2 L2 ; 32 v, (5)
. o

<] [»>]

Vo(s):zxL(
1
s+ +2
S
_8(s+3)
Vols)= (s+ 1)2

S

\)

4,12

2

J

GEAUX >




Using Thevenin’s Theorem

1 Reduce this part 7 1
— 5
:‘ v {j.' 5
\ 1) i{ e E 5 +— Ly (s)
}
4 i ‘ ©
~ 2 V.(5) 1 s?+1
17 S S
K
o
= s« + 1 - o
§ +

ww—s—|(—o0 Voltage

3 1 | C-D 45 + 12 z% V (s) divider
- D R

) j_- .‘Ir ||.:|:-'1;:|

Q* asen2
: S V (s)= 22 14s+12
12 4 4s+12 s 8
Voc(s)=—+s—= 2+ s
s s s
_3(s+3)
Only independent sources Vol$)= (s+1)°
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Using Norton’s Theorem

Reduce this part

|

3 Vils)

L ]
—
]
o
YY1
=]

3 -
T) % 2 V. (5) Ly, =s

+ 3 12 I
-/ 5 * 1y - o
& o 1 . Current
k)

—= 1 D 132 V”Mdivision

¢ ; . ' o
C) 5 b)) s ds+12

V,(s)=2x%

1 2
@% s+-+2 S
S

Iy (s) =4 1218 _ds+12 v, (5) = 8+
s S s (s+1)
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LEARNING EXAMPLE | Determine the voltage v, (¢). Assume all initial conditions to be zero

() V Selecting the analysis technique:
() /-\1 vslt)
- Y YL
01T 1y © . Three loops, three non-reference nodes
n <> . One voltage source between non-reference
L o1 . -'I,-
20 T~ 3 ? 2i(t) 10} volr) nodes - SupernOde
i) - One current source. One loop current known
L
1 or supermesh
. .If v_2 is known, v_o can be obtained with a
Transforming the circuit to s-domain voltage divider
Supernode 17

Doing the algebra: Vi (s)=V,(s)—12/s
I(s)=-V,(s)/2+6/s

Vi A/2)(s +D(V,(s)—12/5)—2(-V,(s)/2+6/5)
o +V,(s)/(s+1)=0

O

Supernode constraint : ¥, (s)—V(s) = - Vy(s) = 28+ s +)
S s(s"+4s+)5)
KCL@ supernode: Vl(s)+V1(S) 21(s)+—2"2 Vals) _ 12(s +3)
2 2/s s+1 V,(s)=—
Vi(s) s(s”+4s+5)

Controlling variable : I(s) =—

Voltage divider:V,(s) = L 5 (s)
s+1
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Continued ...

Compute ¥V, (s) using Thevenin's theorem

-keep dependent source and controlling
variable in the same sub-circuit
-Make sub-circuit to be reduced as simple

(b)

O
f
V,.(5)
o
2 2/s
I,:_VOC—IZ/S VOC(S)ZE
2 S

—I'+(=21")/(2/5)-2I'=0=>T'=0

© as possible
-Try to leave a simple voltage divider after
V. (5 . . .
' reduction to Thevenin equivalent
o T

+ I"(s)
T L g

T —21"-1"-21"/(2/5)=0 I1"=6/s
_6(s+3) Zppy = Voc(s) _ 2

Tse == Ioo(s) s+3
s o ps)=— L 12
1+s+3 S
_|_
(Do 2 v ’
. o
<1 [»] «© @




Continued ... Computing the inverse Laplace transform

Analysis in the s-domain has established that the Laplace transform of the
output voltage is

V)= 12+3) ¢ 4ds45=(s+2- jl)(s+2+j1) =(s+2)° +1
0(S)_ 2
s(s”+4s+5)

12(s +3) K K K,

V (s)= =2
() s(s+2—jD)(s+2+j1) s (s+2—j1) (s+2+j1)
K, = sV, (5)],0=39/ K K K e cos(f + 2K u()
(s+a—jp) (s+oa+jp)
120+ j1) 12:/2£45° One can also use

=(s+2—j1)V (s "= =
( /D 0( )|S=—2+11 (—2+j1)(j2) \/54153.430(24900) quadratic factors...

=3.79£-198.43°=3.79/161.57°

y ()= 281 G G2 G y (f)= ( 30 | 750672 cos(t+161.57°)u(t)
’ s[(s+2)2+1J s (s+2)7+1 (s+2)2+1
C, =5V, (8)[s==36/5 G (s+a) + Loff <> e ?[C, cos ft + C, sin St]u(t)

(s+a)’+B° (s+a) +p°
12(s+3)=C,((s+2)* +D)+s[C\(s +2)+ C,] s=—2=12=C,-2C, = C,=36/10-6=—-12/5
Fquating coefficients of s:0=C, +C, = C, =-36/5

36, 12 _
v, ()= {—(1 —e ' cost)——e sint}u(t)
S S <] [>] [GEATx >




LEARNING EXTENSION | Find i, (z)

using node equations

Assume zero initial conditions

V N
° ., psupernode Implicit circuit transformation to s-domain

1 2u(r) V

*

K, —+ K, —— 2| K, |e ¥ cos(ft+ LK u(t)
il (s+ta—jp) (s+a+jp)
i) K 1 \/17 1 (S)| 4
) = — —
. 1 4 ] iﬂ_\/f ) @
KCL at supernode J 4
2 V (s) V. (s) 6.33/—66.72° .
Cs(V. (s)+V. =0 K = =6.53£-156.72
S( (S) S(S)) LS 2 1 0974900
Vs(S)=—, I,(s)= 02() (U5
S i (1)=13.06¢ *cos >¢—156.72°
Doing the algebra 0 : 4 :
1-6s 1-6s
I,(s)= = 5
s +0.55+1 ( 1) 15
s+ | +
4 16
_ K
I (s)= 1-6s _ K, N 1
LS\ 1, s (1 s r, s
4 7 4 4 47 4 477y
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LEARNING EXTENSION | Find v, (¢) using loop equations

2 . s
AMA—p—rn 10
K K K
L L)) 2 L(s)=—04 "L 4 =2
5 ﬁh s 22 v )= 0 Ve
< . . {_J
supermesh Ky = sI)(s) |;-p=2
' 16(—0.27)+2
constraint due to source K, =(s+027)1,(8)|,__grr= ( ) =3
) (=0.27)(=0.27 +3.73)
—=hL -1
S
16(—=3.73)+2
KVL on supermesh K, =(s+3.73)1,(s) |,.5 5= ( ) =—-4.47
| 0 (=3.73)(-3.73+0.27)
I +2I +sl,—+21,=0
g T s T iy(1)=(2+2.48¢ 777 — 4,476 7 Ju(t)
Solve for 12 v, () =2i,(¢)
16s+2 16s+2

I,(s)=

s(s* +4s+1) B s(s+0.27)(s+3.73)

Determine inverse transform

<1 5] [GEATx >




| TRANSIENT CIRCUIT ANALYSIS USING LAPLACE TRANSFORM |

For the study of transients, especially transients due to switching, it is important
to determine initial conditions. For this determination, one relies on the properties:
1. Voltage across capacitors cannot change discontinuously
2. Current through inductors cannot change discontinuously

LEARNING EXAMPLE | Determine v, ()¢ >0

10 10}
m-ﬂ;c VW AAN »

O
t=0
Y, C‘D E] H f—__—j_L F 1)
- 2
: Y <+> vc(0-)
Lr(0-) T — _
- - - O
Assume steady state for t<0 and determine
voltage across capacitors and currents
through inductors 10 10

For DC case capacitors are open circuit Wt W ! °

inductors are shortcircuit 4MHC:"> | H lf"' (M)=1A v (0)=1 v;:]? F v (1)
v (0-) =1V, i, (0-)=14 -

- & ]

Y

<] > ] Circuit for t>0 GEAUX >



He 10 2s+7

WAt W 1 o V,(s)=—
N | 28 +3s+2
dult) 1& 1/ =1A p,.(0) = ';:]— v,(1)
! ! “h L(0)=1A v (0) =1V 2 F o) Now determine the inverse transform
¢ ¢ o b2 —4dac< (0> Complex Conjugate roots
Laplace Circuit for t>0 v (5) K, K
S)= :
l | ° 3 N7 3, .47
WAy AN ’ o ST, STy,
}
5 *“'"““'1 3 \/7 — o
J _ E _ T~ K=ls+2—iX" WV (s =2.14/-76.5
%(i) @ I(s) V (s) 1 [ 4 J 4 j 0( ) K N
s‘_1+’7?

Q0

_ K, — + K, — 2| K, |e™ cos(ft + ZK,)u(t)
Use mesh analysis (s+a—jp) (s+a+jph)
(s+l)Il—s12=i+1 X s Solve for 12 N
> v, (1) =4.28(:os(7t—76.5°)

—sIl+(s+1+g)IZ =—l—1 X(s+1)
S S

2s —1 2 1
V (s)=—1,(s)+—
28° +35+2 () S 2(5) s

I,(s)=
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LEARNING EXTENSION | Determine i,(¢), ¢ >0

t=1)

Initial current through inductor
i;(0-)=i,(0+)=14

mﬂ
>
1
L0
S
I(s)= 1 Current

2g +18 ¢ divider

11<s)=$+i1<t>=e‘9’u<t>

<] [»>]

GEAUX >




LEARNING EXTENSION

Determine v, (¢), ¢ >0

ve

()

20

Determine initial current through inductor

i (O)L
—o Use source

superposition v,

20 2H

()

O

V,(s)=

(

4+72s

2

x(g + gj (voltage divider)
S

S)=(8s+36)= K1+ K,
3s(s+2)

s+ 2

10
3

oy =2A

oy Kl = SVo(S) |s=0= 6

iy === A

Y3 K, =(s+2)V,(8)[=a=—7
i (O)=iA _ 8 2

L 3 v,(t)= 6—§e u(t)

GEAUX >




TRANSFER FUNCTION

n
b,s" +..+bs+b,

X(s) |System with all Y(s) H(s)=
—Ppinitial conditions |—» a,s" +..+as+a,
set to zero . )
For the impulse function
Y
H(s)= X((S)) x(1)=0()= X(s)=1
S
: : . H(s) can also be interpreted as the Laplace
If the model for the system is a differential .- cform of the output when the input is
equation an impulse and all initial conditions are zero
d"y d" 'y dy The inverse transform of H(s) is also
b, dr" +b, dt"! +..+hy E+b0y called the impulse response of the system
d" x d" 'x dx _ _
=a,— ta, ,——+.ta—+a,x If the impulse response is known then one
dt dt dt can determine the response of the system
If all initial conditions are zero to ANY other input
d*
L —z) = s*Y ()
dt

b,s"Y(s)+...+bsY(s)+b,Y(s)
=a,s" X(s)+...+a;sX(s)+a,X(s)

b,s" +..+bs+b, X(s)

a,s" +..+a;s+a, r<1 5] @

Y(s)=




LEARNING EXAMPLE

Determine the response, v, (), for the input v,(¢) =10e " u(t)

A network has impulse response h(¢) = e "u(t)

In the Laplace domain, Y(s)=H(s)X(s)

w.V,(s)= H(s)V;(s)

h(t)=e"u(t) = H(s)= b

&

V,(s)

s+1

—2t 10
()=10e “u(t)=>V,(s)=——
s+2

10 _ K N K,

B (s+1)(s+2) s+l s+2
K, =(s+1V,(s) |-, =10
K, =(s+2)V,(s) |—»=~10

v (1) = IO(e_’ —e )u(t)

<] [»>]

GEAUX >




Impulse response of first and second order systems

Kt - Case 2: ¢ <1:Underdamped network
First order system H(s)=—— = h(t)=Ke * 5
s +1 poles: s, =—cw, + jwy\1-¢

h(t) = Ke **' cos(w,1— ¢t + @)

Normalized second order system
A

Jiw

2 F 3
0) xir)
H(s)=— L 5
s* +2¢cw,s + W, X
>
oles: s, ,=—cw, tw,/c>—1 o
P 12 = —6W) T Wy~ S /'\ﬁ-f'_ X

Case 1:¢ >1:0verdamped network

h(t) = K e~ Je e K, e~ Ny Case 3:¢ =1:Critically damped network

—w,t —w,t
R N h(t)= K te " + K,e
x(t) Jjo

A

.[U} JH.LZI
\ T
L
{.‘

> XX >

*
o

(c)

<1 5] [GEATx >




LEARNING EXAMPLE

Determine the transfer function H(s) =

?é O

O

(]

o]

Transform the circuit to the Laplace
domain. All initial conditions set to zero

Mesh analysis

Vi(s)=21,~ I,

O:—Il+(1+s+LjI2
sC

» O

..... .
= sC A
. o

Vo<s)=$ ,(5)

(1/2C)

V,(s) =

s*+(1/2)s+1/C

<] [»>]

A

s-plane er;

.‘)E,: _______ Jr..q-
_______ L !
|

| 1

Vo(s)
Vi(s)

a) C=8F = poles:s,, =-0.25+ j0.25

s-plane

A

Jjuw

A

«© b)C=16F = poles:s, , =-0.25

s-plane

—.073

%) ¢) C=32F = poles: s, , =—0.427,—0.073
A

Jw

GEAUX >



LEARNING EXAMPLE )
unit step response

Transform the circuit to the Laplace
domain. All initial conditions set to zero

AAA— —Pp
Neo LT T

Vils) | ==~ _ ,(0)

C_:) sls l 5 V+ =0 V(1)
I J 0

® ), Vols) _

0
Vis)=—sV,(s)e=| | 1

Determine the transfer function, the type of damping and the

Vi(s)=Vs(s) V() Vi) Vis)=V(s) _,

1 % 1 1

|
Vo(s): T |
Vg(s) S2-|}1S-|—1 a)jz>a)0:0.25
2| |16 I
2¢w,| = ¢ =1

Unit step response = V(s) = 1
S

 (s)= (1/32)2:1(0+ K, , K, :
( lj s s+025 (s+0.25)
SS+4

Ko = SVo(s) |s:O= 0.5
K, =(s+0.25)°V,(s)|__o,5=0.125

_d|s,(s)]

K, = =-0.5
11 ds

s=—0.25
v, () =(0.5-(0.125¢ +0.5)e % Ju(r)

<1 5] [GEATx >




LEARNING EXTENSION | Determine the pole-zero plot, the type of damping and the
unit step response

s+10
H(s)=
() s> +4s+8
zero:z=-10
poles:

s +45+8=0=s5,=-2% 2

jw
¥ - - |2
I
I
o =2
I
—10 I
X — — —
s2+%s+8 N2
= c=—
U e 2
2¢w,

1 s+10
Y(s)=H(s)—=—
s s(s°+4s+38)

s +4s5+8=(s+2—j2)(s+2+ j2)
Y(s)=K1+ K, —+ K, .
S S§+2—j2 s+2+j2

*

K, K, i
(s+a—jp) * (s+a+jB) < 2| K, |e™ cos(ft+ LK, )u(t)

10
K, =s¥(s)|0="

. 8+ j2
Ky = (54 2= Vo hap= 55 o o
8.25414 =0.73£-211°

27 5 83./135°%x4./90°

v,(t)= (% +1.46cos(2¢—21 lo)j

<1 5] [GEATx >




Second order networks: variation of poles with damping ratio

| | L R
Normalized second order system LEARNING EXAMPLE A WA

2
0) v N
H(s): 5 0 5 a)g ZL, 2ga)0 :B jil"”(i) CAa=u,ln
S°+26w,s + @ LC L
Case 2: ¢ <1:Underdampednetwork ¢ o _¥o(®) _ s _ LC
v 1
poles: s, , =—cw, + jwy1-¢° Vin(5) C+Ls+R s +(§js+I}C
S
jm w (rad/s)
A (=025 4 o
e (=050 7200 Variation of poles.
— — — o Jug YI-=L-
N (-0 Use @, =2000
6 =Cos 0 : ;; ~ R Jj1000 v”(rl{lv) RLC series transient response
Loy | > 20
|
| . - (=1.0 o
X === -_ﬁ’-‘[ﬁ'r]—ﬁ‘ —21:{)00 1o ot g LI
=030

—i1000 (=14

0.5

0
) 4 6 8 |@>




LEARNING EXAMPLE | The Tacoma Narrows Bridge Revisited

Previously the event
- § was modeled as a
# resonance problem.
More detailed studies
_f show that a model

| with a wind-dependent
damping ratio provides
a better explanation

-.. 2

Q+2ga) ﬁ+a)26? 0
dt’ dt
¢=0.0046-0.00013U

R ... U = wind speed (mph)

4% Torsional Resonance
ﬁ' .
Model

Condltlons at failure
ﬁ 4" .Iu: windspeed  =42mph
w1 twist =12°
 time to collapse = 45min

_____

Problem: Develop a circuit that models this event
<] [>] [GEATx >




model 29
dt

do
+260, — + @,
dt

_ integrator _

29 =0

O+ 2cm, 0+ 020 = 0= 0 = —(2¢w, 0+ w>6)

9 =—(0.001156 —00013U)6—1.5790

Using numerical values

R

dak

Simulation using
dependent sources

Eying 0 0.00033UV,,

Eo > —oonsev,
= [« [»]

V(s) L
=0
/ ) Simulation
Cs buildi
i uilding
Vo($) == Vils))  Plocks
™
C.=1F
I€ C[,I:IF
I\
= o | Ra=10
=+ —
dt = 7

.||_g

v +V2 + Vo =0
R 2 f
R R
Va:_ —fVl+—fV2
Rl RZ
=~ 0

GEAUX >




Simulation results

A

1.0V Wind speed=20mph

initial torsion=1 degree

05V §

Cutput voltage

0V §

-05V
1.0V : —p
Os 04ks 08ks 1.2ks l.oks 2.0ks 24ks 2.8ks
Time
4 Wind speed=35mph
1.0V .y SR
initial torsion =1degree

0.5V

Output voltage
=
<

05V

1.0V

0Os 0D4ks 0.8ks

1.2ks 1.6ks 20ks 2.4ks

Time

>
2.8 ks

Kl

=

GEAUX >




POLE-ZERO PLOT/BODE PLOT CONNECTION

G(s)=

Bode plots display magnitude and phase information of
R=210 c =If}2 F They show a cross section of G(s)
AL
IC §2
+ G(S) = 3
L=lH§a~“{_.r} " +28+5
| 17 ' e — — b
T— [
Vo(s) _ LC : — :; : : I
_ -7 I | |
V() 2 (R) . 1 or” B\
n s+ Z S+IIC’A | ,: | | |
E{ ) ,-I"J i | |
jw (radis) c > : : PR : : :
A o |
| - | | |
X 2 T; 47 : =TT T
g P Nl
» = 37 L4t |
L
B
27 |
O o (radls) =
-1 |
= T At
0 | r | |
-6 -4 -2 0 2 4 6
X =2 Real axis
{rad/s)

G(s)|

s=jw

If the poles get closer to
| imaginary axis the peaks
' and valleys are more

pronounced

i

Cross sec::tion
shown by Bode

Imaginary axis
(rad/s)

GEAUX >




A
=
[t
(]
W..W
= 5=
T al
= (o]
Q o
£ > O
7 E O
098 =
) w = -
O 0 T
= C m._v
(o T
_.._.nuwu
.‘ =
wy = vy =
(£Y'cy Jo apnuudey
2
||||||| IR R B A
| [ [ ,,,._..
_ _ _ Y

Frequency (Hz)

Imaginary axis

(e)

(rad/s)

(5)' 0y Jo apnyuSery

°
- o
Q (4]
o O
o ®
(10 o
Q o
o
7))
= i
el (7))
o -
£
<
= = 8 38 g 8
|

| |
(dp) (s)'D jo apmiudep

-8

«_| Front view

()"5) Jo apmuaey

1.0

0.30

0.10

0.03

0.01

GEAUX

Frequency (Hz)
(f)

<] [»>]

Imaginary axis
(radis)
()



STEADY STATE RESPONSE

Y(s)=H(s)X(s) Response when all initial conditions are zero

Laplace uses positive time functions. Even for sinusoids the response contains
transitory terms

EXAMPLE fy(s)=— ' X(s)=
s+1

220 (= x(t) =[coswt]u(t))

sk

) K K, K
Y(s)= S If interested in the steady state response

(s+D(s+ja)s—jw) S"‘l S+j®w S—j® only, then don’t determine residues
associated with transient terms

y(0) =|(Ke [H2 | K, | cos(wt + 2K,°) Ju(t)

If x(¢) = X,,; cos(w,t +O)u(t)
Vs ()= Xy | H(jw,)|cos(w,t+ £LH(jo,)+0)

transient Steady state response

For the general case

X cosa)tu(t)z—M(eja’+e_j“”): X(S):l Xy Xy
M : :
2 2ls—jo, s+ jo,

1 X X K K .
Y(s)=H (s){—[ M_y =M ﬂ =—>* +-——+transient terms
2\s—jow, s+ jo, s—jo, s+tjo,

1 H=2|K_|cos(w,t+ ZK,)+transient terms
K, = (5= jOV (5)],_jo, = Xy H(joo,) 7721 El 0@ 10 2)

Vs () =Xy |H(jw,)|cos(w,t+ ZH (j@,))

T<1 5] [GEATx >




LEARNING EXAMPLE

E

.
—

n(r)

If x(¢)=

A"A A

1 H

vt) =10 cos 2ru(t) V

é]ﬂ

v ir)

:
1

<] [»>]

Determine the steady state response
X,y cos(w,t+0)u(t)

0y ()= Xy | H(jw,)|cos(w, t + ZH(jw,) +6)

2

W, = 2, XM =10 . o
s S
(a) V (s)= V.(s)= H(s)=
o(5) 35° +4s+4 1) ) 35° +4s+4
Transform the circuit to the Laplace domain.
Assume all initial conditions are zero H(j2)=— 2(j2)2. —0.354.,/45°
o —> . 3(j2)" +4(j2)+4
1
vior () l THES S V) .y (t)=3.54cos(2t +45°)W
l - O
keLev, -1y B 2o
2 2 —+1
S
Voltage divider: V, ZLV1
—+1
S




LEARNING EXTENSION | Determine v, (¢),¢>0
If x(¢)= X, cos(w,t +O)u(t)

1 H . . -
. L | V()= Xy | H(j@,) | cos(@, t+ LH (jo,)+6)
12 cos 2i u(r) V C“) —~I1F éj 0 v, y (S) ) 9 y (S)
. : -« o 24 Zp(s) €
w, =2, X, =12 ) i
Vo(s)=—> x——Vi(s)
Transform circuit to Laplace domain. o s“+s+1 s+1
Assume all initial conditions are zero s+1
Thevenin 7
| » Y e 0 |
wl HH | V"(S)_s2+3s+ ils)
12 cos 2t u(f) V Cf ,-ﬁﬁ F éz Q V0 H (s)
V.(s) : 2 2 2
' - S H(j2)= ==
—4+6j+3 -—-1+6j 6.08£99.46°
1
~ 1 v, (1) =12 xicos(Zt —99.46°)
Voc($)=—55Vi(s)=——Vi(s) 6.08
14 ] s+1
S

1 _s2+s+1
s+1 s+1

1
Zp(s)=s+| 1,; =5+

<] [>] [GEATx >




LEARNING BY APPLICATION

De-emphasize bass

Recording
filter

Volce/music
signal

Vinyl disk

Pole-zero map for G,z (s)

w, @, W,

I

|

[ Plavback
M filter

|

—-10k =1000 =100
i

Speaker | Y M~— :I
Inside the same cabinet (a)
Phonograph

Enhances bass to original level

The playback filter is the reciprocal

RIAA recording filter

G o(s)= K(d+st,)(1+s7,,)
(1+s7,)

Tzl =75ﬂS

7., =3180us | KG(s) |s=j27z><1000:1

7,=318us

Zeros: w,; =13.33kr/s[2.12kHz],
@, =313.46r/s[S0Hz]
pole: @, =3,1346r/s[500 Hz]

1
G,,(s)=
T GL(s)

Pole/zero of playback filter cancels o

pole/zero of recording filter A
A——&— > o
-10k —1000 —100

(c)




LEARNING BY DESIGN Filtering noise in a data transmission line

Vata (1) (V) Noise source is 100kHz

A Data bits at 1000bps
5 SOLUTION: Insert a second order low-pass
filter in the path. Should not affect data
signal and should attenuate noise
’ 0 1 2 3 4 5 > rms)
'Ilr\}.z - R3 ]( 1 J
VWA R |\ R RCC
Proposed filter __ VV" (/e — 11 . 31 Dt/ -
Y| daa S 2 s( + + J+
R, Vil &, > Al RC, R,C, R(C, ) RRCC,
VWAWA——A

s> +2¢m,5 + @’

: 1 3 [C
R=R =R, >0,=———,5==_|-2%
. 5 =R EREG%ERICC, T2\

ViV iua N Vi N V, N V=V, ~0 Design equations
R (1/Cs) R, R, g ., Well below 100k
4 V = 0 above 1k
+—2 = e
R, (1/C,s) Filter design g 20 Below 100k
criteria 2 c>1
;Er a0 » f(kHz)

1 10 100 1000
\ GEAUX >

4]
g



v(t) (V)

) ) Juw A - — .
Selected pOle Iocatlon or fllter N Second-order filter for data transfer
5.0
(uﬁ mﬁ]
X —X I » o
=100 k =10k =1k

Select R =40kQ, w, =25,000,¢ =2.
Use design equations and determine
C,=0.75nF,C, =1.33nF

»
Rs 0 04 08 12 6 20 2401
I )i
g} The filter eliminates noise
v(2) R, R - but smooths data pulse
VA v(r) (V) Second-order filter for data transfer
A 25kbps
. R, 8.0 . data transfer
AWW— - (2
= R, g o 00 6.0 rate
E o
+ N Lain
P E.{f} <_> 4.0 - .
' I MQ 100,000V, Filtered signal
. )| 2.0 is useless
i
N 0 L va(0) ‘ l ‘ “ l
Op = amp model '
S i . ' REDESIGN!
Circuit simulating the filter —2.0
—4.0

p
IZIJ Izr 80 120 160 200 240 GEAUX



New pole-zero selection ¢ =1

jiw
Fy
Original poles
o 3
P 3
mp[ § |K T }{ T FII'I
—100 k =10k 1k
Simulation for 25kbps
v(f) (V)
A Second-order filter for data transfer
8.0
4.0
0
—4.0)
P (ps)
0 40 80 120 160 200 240

Design equations

@, =150,000 =
21/ ¢,

1

40,000,/C,C,

APPLICATION
LAPLACE




