Computation of the DFT of
Real Sequences

 |n most practical applications, sequences of
Interest are real

* In such cases, the symmetry properties of
the DFT given in Table 3.7 can be exploited
to make the DFT computations more

efficient
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N-Point DFTs of Two Length-N
Real Sequences

o Let g[n] and h[n] be two length-N real
segquences with G[k] and H[k] denoting their
respective N-point DFTs

e Thesetwo N-point DFTs can be computed
efficiently using asingle N-point DFT

* Define acomplex length-N sequence

x[n] = g[n]+ jh[n]

* Hence, g[n] = Re{x[n]} and h[n] = Im{x[n]}
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N-Point DFTs of Two Length-N
Real Sequences

o Let X[K] denote the N-point DFT of X[ n]
e Then, from Table 3.6 we arrive at

GlK] = ;{ X[K]+ X *[(-K)n]}
HIK] = 5 {X[K] - X*[(=k)n ]}

* Note that
X*[(-K)n]=X*[(N=K)\]
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N-Point DFTs of Two Length-N

Real Sequences
e Example - We compute the 4-point D

S of

the two real sequences g[n] and h[n] given

below

{g[n]}={% 2 0 I, {h[n]}={% 2 1%

{Xn]} ={1+)2 2+]2 | 1+ }}

T

hen {x{n]} ={glnl}+ J1h[n]} isgiven by
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N-Point DFTs of Two Length-N
Real Sequences

o ItsDFT X[K] Is

X[O0]] [1 1 1
X[1] 1 -] -1
X[2] 1 -1 1

e From the above

X *[k]=[4- |6

e Hence

5

1
]
-1

X3 1 )] -1 -

2 —2 —j2]

1+ )2
2+ |2
J

1)

X*[(4=-K)4l=[4-)6 —J2 -2 2]
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N-Point DFTs of Two Length-N
Real Sequences
 Therefore

Gk} =14 1-) -2 1+};
{Hlk]} =16 1-) 0 1+ ]}

verifying the results derived earlier
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2N-Point DFT of a Real
Sequence Using an N-point DFT

o Letvin] be alength-2N real sequence with
an 2N-point DFT V[K]

* Definetwo length-N real sequences g[n]
and h[n] asfollows:

gln]=v[{2n], h[n]=v[2n+1], 0<n<N

e Let G[K] and H[k] denote their respective N-
point DFTs
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2N-Point DFT of a Real
Sequence Using an N-point DFT

* Define alength-N complex sequence

x{n

F=19n]} + J{

with an N-

point DFT X[K]

 Then as shown earlier
Glk] = E{X[k] + X*[(=K)n 1}

HK]= le{X[k] - X*[{=kon ]

[n];
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2N-Point DFT of a Real
Sequence Using an N-point DFT

2N-1
« Now V[K]= 3 VWX

n=0

N-1 N-1
= Y V2nWSTK + 3 vi2n+ 1w
n=0 n=0
N Wnk N_lh Wnkwk
2. alnIWN™ + > h[n]Wiy™Way
n=0 n=0

N-1 N-1
= Y g[NWIK +Wsly > hn]WTK, 0<k <2N -1
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2N-Point DFT of a Real
Sequence Using an N-point DFT

° |.e,
VK] = G[(K) ]+ Wi  H[(K) ], 0<k <2N -1
e Example - Let us determine the 8-point

DFT V][K] of the length-8 real sequence

Mni={1 2 2 2 01173
1

* Weform two length-4 real sequences as

follows
10
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2N-Point DFT of a Real
Sequence Using an N-point DFT

{g[n]}={V[2n]}={% 2 0 1
{h[n]}={V[2n+1]}={% 2175

e Now
VIK] = G[(k)4] +Wg H[(K)4], 0<k<7
o Substituting the values of the 4-point DFTs
G[K] and H[K] computed earlier we get

11
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2N-Point DFT of a Real
Sequence Using an N-point DFT
V[0] = G[0] + H[0] = 4+ 6=10
V[1] = G[1] +Wg H1]
=(1-j)+e 17— j)=1- j2.4142
V[2] =G[2] +WH[2] = —2+e 17/2.0=-2
V[3] = G[3] + WgH[3]
1+ j)+e ¥ 41+ j)=1- jo.4142
_V[4=G[0 +WEH[O]=4+€e )7 .6=-2

Copyright © 2001, S. K. Mitra
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2N-Point DFT of a Real
Sequence Using an N-point DFT

V[5] = G[1] +Ws'H [1]
=(1-j)+e 71— j)=1+ j0.4142

V[6] = G[2] +WXH[2] = —2+ € 13#/2.0=-2
V[7]=G[3]+Wg H[3]
=@+ j)+e 1™t j)=1+ j2.4142

13
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Linear Convolution Using the
DFT

* Linear convolution is akey operation In
many signal processing applications

o Since aDFT can be efficiently implemented
using FFT algorithms, it is of interest to
develop methods for the implementation of
linear convolution using the DFT

14 _ _
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Linear Convolution of Two

Finite-Length Sequences
o Let g[n] and h[n] be two finite-length
seguences of length N and M, respectively
e Denote L=N+M -1
* Define two length-L sequences

~|g[n], 0<n<N-1
ge[”]‘{ 0, N<n<L-1

neln] = {h[n] ﬁ)/lgsmnS sML j

15
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Linear Convolution of Two
Finite-Length Sequences

hen

y [n]=g[nj®h[n] = yc[n] = g[n]©h[n]
e The corresponding implementation scheme
IS illustrated below

gn] | Zero-padding| ge[N] |(N+M —1)-
o " point DFT
Length-N | (M —1) zeros P % (N+M -2 y.[n]
X— —>
h{n] |£€ero-padding | h;[Nn] (N+M -1)— point IDFT
"o Wt T point DFT
Length-M [(N —1) zeros P Length-(N + M —1)
16
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Linear Convolution of a Finite-
Length Sequence with an
Infinite-Length Sequence

e \We next consider the DFT-based
Implementation of

M -1
ylnl= Y h{/]n—¢]=h[n] ®xn]
/=0
where h[n] Is afinite-length sequence of
length M and x|n] is an infinite length (or a
finite length sequence of length much
., greater than M)
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Overlap-Add Method

o Wefirst segment X[n], assumed to be a
causal sequence here without any |loss of
generality, into a set of contiguous finite-

length subsequences x,[n] of length N each:
X[n]= 2 Xm[n—mN]

m=0
where

Xm[n]:{x[n+ mN], 0<n<N-1

0, otherwise

18 _ _
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Overlap-Add Method

e Thuswe can write

y[n] =h[n] & X[n] = Zoym[n—mN]
M=
where
YmlNl = h[N] & Xm[N]
 Since h[n] isof length M and x,[n] is of
length N, the linear convolution h[n]&® X[ N]
9isof length N+ M -1

1
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Overlap-Add Method

o Asaresult, the desired linear convolution
y[n] =h[n]&® X[n] has been broken up into a
sum of infinite number of short-length
linear convolutions of length N+ M -1
each:  Ymln] = Xm[n]© hin]

* Each of these short convolutions can be
Implemented using the DFT-based method
discussed earlier, where now the DFTs (and

the IDFT) are computed on the basis of
(N +M -1 points

20 _ _
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Overlap-Add Method

e Thereisone more subtlety to take care of
before we can implement

yin]= 2. Ymln—mN]
m=0
using the DFT-based approach

 Now the first convolution in the above sum,
YolN] =h[N] ® %[Nn], isof l[ength N+ M -1
and isdefined for 0O<KN<N+M =2

21 _ _
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Overlap-Add Method

 The second short convolution y;[n] =
h[n]J®x[n], Isalsoof length N+M -1
but isdefinedfor N<n<2N+M -2

- IEm) Thereisan overlap of M —1 samples
netween these two short linear convolutions

 Likewise, thethird short convolution y,[n] =
N[N]®X,5[N], iIsalso of length N+ M -1
out Isdefined for 0<N<N+M -2

22 _ _
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Overlap-Add Method

 Thusthereisan overlap of M —1 samples
between h[n] & xq[ n] and h[n]&) x,[N]

 In general, there will be an overlap of M -1
sampl es between the samples of the short
convolutions h[n]®x, _4[n] and h[n]& X, [N]
for

e Thisprocessisillustrated in the figure on
the next dideforM=5and N =7

23 _ _
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Overlap-Add Method
iRt RIS
iﬂ T I3

I
g i
R : :

EUTa i%‘”‘”‘“‘” i _
i l‘lli i [n]
EJ)TT?TTE%""““"



25

Overlap-Add Method

J’G[H]

yln]
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Overlap-Add Method

* Therefore, y[n] obtained by alinear
convolution of x[n] and h[n] is given by

yIn] = yolnN], 0<n<6

yln] = yoln]+ ya[n—7], 7<n<10
y[n] = y1ln—7], 11<n<13
yln]=yi[n—-"7]+yo[n-14], 14<n<17
y[n] = y,[n-14], 18<n<20

26 _ |
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Overlap-Add Method

e The above procedure is called the overlap-
add method since the results of the short
linear convolutions overlap and the
overlapped portions are added to get the
correct final result

« Thefunctionfftfilt canbeusedto
Implement the above method

27 _ _
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Overlap-Add Method

 Program 3 6 illustratestheuseof f ftfi |t
In the filtering of a noise-corrupted signal
using alength-3 moving average filter

* The plots generated by running this program
IS shown below

8 ‘ ‘ ‘ ‘ ‘ ‘
) —49n
6l // — yInl |
/ \L
S 4} / N 1
2 |/ /
e, NN
< 4/
| s
0)’/ \Q\\?/K\\D‘V'yﬁ
_2 ! ! ! ! ! !
0 10 20 30 40 50 60
28 Timeindex n
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Overlap-Save Method

 In implementing the overlap-add method
using the DFT, we need to compute two
(N+ M —1)-point DFTsand one(N + M —-1)-
point IDFT since the overall linear
convolution was expressed as a sum of
snort-length linear convolutions of length
(N+M —-1) each

 |tispossibleto implement the overall linear

convolution by performing instead circular
-9 Convolution of length shorter than (N + M —1)
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Overlap-Save Method

e Tothisend, it Is necessary to segment x| n]
Into overlapping blocks x,[n], keep the
terms of the circular convolution of h[n]
with x,[n] that corresponds to the terms
obtained by alinear convolution of h[n] and

X[ N], and throw away the other parts of
the circular convolution

30 _ _
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Overlap-Save Method

e To understand the correspondence between

the linear and circular convolutions,
consider alength-4 sequence x[n] and a
length-3 sequence h[n]

» Lety, [n] denote the result of alinear
convolution of x[n] with h[n]

e The six samplesof y_[n] are given by

31 _ _
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Overlap-Save Method

N[O] X[ O]
N[O]X[1] + h[1] X[ O]
[O1X 2] + hAX[1] + h[ 2] 0
yL[3] = hO]X[3] + h[1X[ 2] + h[ 2] X1
yL[4] = h[A]x{3] + N[ 2]x[2
y[5] = h{21X3]

<
—
|

32
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Overlap-Save Method

o If we append h[n] with asingle zero-valued
sample and convert it into alength-4
sequence hg[n], the 4-point circular
convolution yc[n] of hy[n]and x[n] is given

by
Ve [0] = h[0]X[0] + h[1]X[3] + h[2]X[ 2]

Ve[d] = h01X(1] + h[X[0] + h[2]X(3]
Ve[2] = 01X 2] + h{1 X4 + 2] KO
Ve[3] = h01X(3] + h[X[2] + h[2]X[1

33 _
Copyright © 2001, S. K. Mitra




34

Overlap-Save Method

If we compare the expressions for the
samples of y, [n] with the samples of y-[n],
we observe that the first 2 terms of y-[n] do
not correspond to the first 2 terms of y [n],
whereas the last 2 terms of y-[n] are
precisely the same as the 3rd and 4th terms

of y_ [n],i.e,
yL10] # yc[Ol, y [l # yeldl
yi12] = yel2], YL [3] = Yc[3]
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Overlap-Save Method

e General case: N-point circular convolution
of alength-M sequence h[n] with alength-N
sequence X[n] with N > M

e First M —1 samples of the circular
convolution are incorrect and are rejected

 Remaining N — M +1 samples correspond
to the correct samples of the linear
convolution of h[n] with x[n]

35 _ _
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Overlap-Save Method

 Now, consider an infinitely long or very
long sequence x[n]

e Break it up asacollection of smaller length
(length-4) overlapping sequences X[ N] as
XplN=XN+2m], 0<n<3 0<m<ow

 Next, form
W[N] = h[n] @ X[ N]

36 _ _
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Overlap-Save Method
e Or, equivaently,

Win[O] = h[O
Win[d] = h[O
Win[2] = h[O]Xm[
Winl 3] = h[O

Xml

Xm

Xm

O]+ [ x[3] + h[ 2] X[ 2]
1]+ h[Ax [0] + N[2]x[3]
2]+ W[4 + h[2] [0

3]+ N[ x [ 2] + h[2] X[

e Computing theaboveform=0,1,2,3,...,
and substituting the values of x,[n] we

37 alrive at
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1

Wil
W
W2
w3
38

Overlap-Save Method

N[ O]
N[O]
N[O]

N[O]
0] =h[0

N[O]
N[O]

N[O]

X[O] + h[2] X[ 3] + h[ 2] X[ 2]
X[1] + h[1] X[ O]
+h[1

X-

2.

X3

+ h[1

X[1]

+ h[2]
+h[2
X[ 2] + h[2] X[ 1]

X
X

3
0

=yl
=y

X[ 2] + h[A X[ 5] + h[2] X 4]

X3

X4
X[5

_I_
_|_

_|_

1

1

1

X2
X3
X4

_I_
_I_

_|_

N2
N2

N[ 2]

X5
X2] =yl
X3 =Yl
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Overlap-Save Method

Wo[ 0] = h[0]X[ 4] + h[1]X[5] + h[ 2] x[6 < Reject
Wo[1] = h[O]X[ 5] + h[1]x[ 4] + h[ 2] X[ 7] < Reject
Wo[ 2] = h[O]X[ 6] + h[1]X[5] + h[ 2] x[4] = Y[ 6] « Save
Wo[3] = h[O]X[ 7]+ h[1]}] 6] + h[2]X[5] = Y[ 7] <« Save

39 _
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Overlap-Save Method

e |t should be noted that to determine y[0] and
y[1], we need to form x_4[n]:

x4[0]=0, x4[1]=0,

X4[2]=X0], x4[3]=X1]

and compute w_4[n] = h[n]@x_4[n] for 0<n<3

reject w_4[0] and w_4[1], and save w_4[2] = y[ (O]

and w_4[3] = y[1}

40 _ _
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Overlap-Save Method

e General Case: Let h[n] be alength-N
seguence

» Let X[ n] denote the m-th section of an
Infinitely long sequence x[n] of length N
and defined by

XNl =X[N+M(N-m+1)], 0<n<N-1

with M < N

41 _ _
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Overlap-Save Method

+ Let W[N] = h{n] @ X[ 1]
* Then, wergect thefirst M —1 samples of w,[ n]
and “abut” theremaining N — M +1 samples of
W[N] to form y, [n], the linear convolution of
h[n] and X[ N]
* If yy[N] denotes the saved portion of w.,[Nn],
€.

| 0, 0<n<M -2
ym[”]‘{wm[n], M —1<n<N-—2

Copyright © 2001, S. K. Mitra

42



Overlap-Save Method

 Then
y [n+m(N-M+D]=yy[n], M-1<n<N-1

* The approach is called overlap-save
method since the input Is segmented Into
overlapping sections and parts of the results
of the circular convolutions are saved and
abutted to determine the linear convolution
result

43 _ _
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Overlap-Save Method

e Processisillustrated next

T ol ™
N

0
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Overlap -Save Method

: Wy [nl
1 Tele
0 i I
b
— : , wyln]
M-1=4 ; :
e ] el T,
o T[] 113
M_1=4 ; : w, [n]
reject .ﬂ T .
[T
; ;
M-1=4
reject
J’L[ﬂ]

111y

TR 10 T 17 18 8 ¥
4 6$ln$i b lo ) L$ 24
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