1

L-Channel QMF Banks

bank 1s shown below

» Hol2)

voln] X

x[n] * Hq(z)

vq[n] .

vy 1[.i'i,]

lL uoln] X TL {:ﬂ[n]
lL wy[n] : TL

u, .[n] v _1[.:1]
lL L-1 R TL L

he basic structure of the L-channel QMF

Gol2)

'E' [H] ¥
1 '| Gi(2) —“CJF)_" yin]

nG, ()

* The expressions for the z-transforms of
various intermediate signals in the above
structure are given by
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L-Channel QMF Banks
Vk(2) = H (Z)X(Z)

Uk(2) =1 ZH (WX (W

Vi(2) = U (Z )
where 0<k<L-1

e Definethe vector of down-sampled subband
sighals as

u(2)=[Uo(2) Uy(2) ~ U 4T
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L-Channel QMF Banks

* Define the modulation vector of the input
signals as

xM(2) =[X(2) X(2M) - X&)

* Definethe analysisfilter bank modulation
matrix as

Ho(2) Hi(z) - H_a(2)

H(™ () = HO:(ZWL) H1§ZVVL) HL—:l(ZWL)

oLl Col-ly |
Ho(2W ™) Hi(ANT ) - Hi (W 7).
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L-Channel QMF Banks

* Then we can write the set of L eguations
L1
Ui(2) = 3 o Hk (2 W) X (2 ')

aS
u(2) = IHM™ 5 XM

e The output of the QMF bank is given by
L1

Y(2)= ¥ Gk(2W%(2)
k=0

Copyright © 2001, S. K. Mitra



L-Channel QMF Banks

e |n matrix form we can write

Y(2)=gT(2u(z")
where

9(2)=[Go(2) Gi(2) - G 4]

Copyright © 2001, S. K. Mitra



Alias-Free L-Channel QOMF
Banks
* From the output eguation

Y(2)=g"(2u(z")
the modulated versions of the output signal
are given by

Y(2WMS) = gT(@W)u(Z" W) = g T (2Wf)u(zh),
O<k<L-1

Copyright © 2001, S. K. Mitra



Alias-Free L-Channel QOMF

Banks

* Define the modulation vector of the output
signal as
Y (@) =[Y(@) Y(@W) - YW

* Define the synthesis filter bank modulation
matrix as

GM(z)=

Go(2) G1(2)
Go(2W) Gl(Z_WL)

_GO(MLL_l) Gl(ZWLL_l) GL—l(MLL_l)_

' GL—1(_ZWL)

GL_1(2
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Alias-Free L-Channel QOMF
Banks

* Then the modulation vector of the output
signal can be expressed as

y™(2)=G"(2u(z")
e Combining the above and
u(2) =L [H™ (] ()
we arrive at
y™(2)={GM@HT @] x™(2)
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Alias-Free L-Channel QOMF
Banks

o Using the notation
T(2)=G"@H™ (2]
we can write
Y™ (2)=T(2x™(2)
e T(2) Iscalled the transfer matrix relating the

Input si gnal X(2) and its modulated versions

X (zWL ) with the output S|gnal Y(2) and its

modulated versions Y(zWL )

9
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Alias-Free L-Channel QOMF
Banks

o Thefilter bank is alias-free if the transfer
matrix T(2) isadiagonal matrix of the form

T(2)=diag[T(2) T(2W.) - T(2M" )]
e Thefirst element T(z) of the above diagonal

matrix 1s called the distortion transfer
function of the L-channel filter bank

10 _ _
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Alias-Free L-Channel QOMF
Banks

e Substituting

Vi((2) = H (z)X(z)
U(2)=" ZHk<z1’vaL>><<z“vaL)
Vi(2) = uk(z>

N L-1

Y(2) = Y. G (2W%(2)
k=0
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Alias-Free L-Channel QOMF
Banks

we arrive at

Y(2) =Y oa, ()X (W)
where
a/(2) = | Y oHk(WM)Gy(2), 0<r/<L-1

e Ontheunit circletheterm X(zWL) becomes

12
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Alias-Free L-Channel QOMF
Banks

hus, from

Y@) =Y, oa@X(@W)
we observe that the output spectrum Y (e!“)
isaweighted sum of X (el?) and its
uniformly shifted versions X (e! (*~%7/1)y
for/=12,...,.L—-1which are caused by the
sampling rate alteration operations
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Alias-Free L-Channel QOMF

Banks

o Theterm X (2W,")is called the ¢-th diasing
term, with a,(z) representing its gain at the
output

* In general, the L-channel QMF bank isa

Inear, time-varying system with aperiod L

+ It follows from Y(2) = Y1 oa, (2) X (2M)

that the aliasing effect at the output can be

completely eliminated if and only if
a,(2)=0, 1</<L-1

14 _ _
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Alias-Free L-Channel QOMF
Banks

 Note: Thealiasing cancellation condition
given above must hold for all possible
Inputs

o If the aliasing cancellation condition holds
then the L-channel QMF bank becomes a
linear, time-invariant system with an input-
output relation given by

Y(29) = T(9X(2)

15 _ _
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Alias-Free L-Channel QOMF

Banks

The distortion transfer function T(z) is given
by

T(2)=29(2) = Y 5 Hk(2)Ck(2)
If T(2) has a constant magnitude, then the L-
channel QMF bank I1s magnitude-preserving

If T(2) has alinear phase, then the L-channel
QMF bank Is phase-preserving

If T(2) Isapuredelay, then it isaperfect
reconstruction filter bank

Copyright © 2001, S. K. Mitra



Alias-Free L-Channel QOMF
Banks

e Define
A(2)=lag(z) (2) - a 4(2)]
 Then
a,(2) = | L oHk(WM)Gy(2), 0</<L-1

can be expressed as
L-A(2) =HM(2)g(2)

17
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Alias-Free L-Channel QOMF
Banks

 Thealasing cancellation condition can now
be rewritten as

H™M (2)g(2) =t(2)

t(2)=[Lag(z) O - 0]

where

18 _ _
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Alias-Free L-Channel QOMF
Banks

e Hence, knowing the set of analysis filters
{H(2)}, we can determine the desired set
of synthesisfilters{G,(z)} as

9(2)=[H'™ (2] t(2)
orovided [detH (™ (2)] = 0

 Moreover, a perfect reconstruction QMF

bank resultsif weset T(2) =z '°inthe

expression for t(z)

19 _ _
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Alias-Free L-Channel QOMF
Banks
 |n practice, the above approach is difficult

to carry out for a number of reasons

* A more practical solution to the design of a
perfect reconstruction QM F bank is based
on a polyphase representation

20 _ _
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Polyphase Representation

o Consider the L-band Type | polyphase
representation of the k-th analysisfilter:

H (D=3, 07 'Ey(z"), 0<k<L-1
* A maltrix representation of the above set of
equations is given by

h(z) = E(z")e(2)

where

h(z) =]

21

0o(2 Hi(2 ~ H (2]
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Polyphase Representation

e(z) _ [1 Z—l - Z—(L—l) ]T
and _
Eoo(z2) Epi(2) - Ep1-1(2

E(2) = E10(2) E11.(Z) B L.—1(Z)

_EL—J;O(Z) EL—J:,l(Z) EL—L:L—l(Z)_

 E(2) iscalled the Type | polyphase
component matrix

22
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Polyphase Representation

o Likewise, we can represent the L synthesis
filtersinal- band Type Il polyphase form:

G (2 =Yz " IR, (ZY), O<ks<L-1

 In matrix form the above set of equations
can be rewritten as

g'(2) =z " Yg2)R(Z)
where

9(2) =[Go(2) Gi(2) - GLa(2)]

Copyright © 2001, S. K. Mitra
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Polyphase Representation

(2)=[1 z - 2= =€ (z)

and
Ro(2) Ru(2) - Rya(2
R(Z) _ R.I.O(Z) R_I_l(z) F‘).I.,Ll—l(z)

Ro10(2) Ria(® ~ Rl a(@

* R(2) iscalled the Type |l polyphase
component matrix

24
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Polyphase Representation

* The polyphase representations of the L-
channedl analysis and the L-channel
synthesis filter banks are shown below

x[n] 1 > — v,[n] {:D[”] —* .
1 z1
¥ — v [n] 4[n] — _$
—1 —1
Z <
] E(zL) . . R(zH I
‘ i
1 z
L » — v, _4[n] {L’JL—I[”] — —’é—'}’[ﬂ]

Analysisfilter bank Synthesis filter bank

25 _ _
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Polyphase Representation

o Substituting the polyphase representations
of the analysis and synthesis filter banksin
the original structure of the L-channel QMF
bank, and making use of the cascade
equivalences we arrive at

x[n]

:lL »

=l,[ >

E(z)

R(z)

—1
g
L S )]
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Polyphase Representation

e From

Ho(2) Hi(z) - H_a(2)

H(™ () = HO:(ZWL) H1§ZVVL) HL—:l(ZWL)

_HO(-ZVVLL_l) Hl(MLL_l) HL—ll(ZVVLL_l)_
and h(2)=[Hg(2) Hi(2) -~ H_4(2]'

It can be seen that

H™ @] =[h(2) h(2W) - h(2W )]

27 _ _
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Polyphase Representation

» Making use of h(z) = E(z")&(2) in the
previous eguation we get

HM@" =E(Z")[e(2) &(2W) - e(2W-)]
Z_l Z_(L_l)]T

 Now, from e(z) =][1
we have

e(2WS) = A(2)

28

WK

_WL—k.(L—l)
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Polyphase Representation

where we have used the notation
A(2)=diag[l zt ... (b9
 Making use of the above notation in
[H™@2)]" =E(z")[e(2) e(2W) - e(2W-)]
we arrive a
At T,.L
H(z)=D A(2E (z")

where D' is the conjugate transpose of the
Lx L DFT matrix D

29 _ _
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Condition for Perfect
Reconstruction

e Consider the L-channel QMF structure
repeated below for convenience

x[n] T lL > » > TL ¥
Z! 7!
t =lL > > :TL —;é)
1 —1
5 E) | . | R@ 5
; H
z 1 ¢!
| L tL w>— V]

30 _ _
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Condition for Perfect
Reconstruction

* Assume that the polyphase component
matrices satisfy the relation

R(2)E(z) =cl

wherel isanL x L identity matrix and cisa
constant

* Then the QMF structure on the previous

dlide reduces to the one shown on the next
dide

31 _ _
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Condition for Perfect

x[n]

Reconstruction
LN ey
A I 4.@"’"1[”] =
z_!l
¥
Iz PL_I[H]"'TL vy _q[n] E_El ,

[n]

* Note: The structure can be considered as a
special case of the most general L-channel
QMF bank shown earlier if we set

Ho(2)=2%, G(2)=z 1K 0<k<L-1

32
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Condition for Perfect
Reconstruction

e Substituting
Ho(2)=z2X, G (2)=z(-1K o<k<L-1
N
a(2) = Yy o Hi(@W/)Gy(2), 0</<L-1
we get
a,(2)=z{-D &zgj\/\/ﬁk} 0</<L-1

Copyright © 2001, S. K. Mitra



Condition for Perfect
Reconstruction

. 1IN LLp/—tk /=0
NOW. | 2.0 ]W {0 1</<L-1

* Hence, from the last equation on the
previous dlide it follows that

ay(z)=1 a,(z2)=0 for /=0
 Asaresult, T(2) = z(tD or in other words,
the simplified QMF structure satisfies the
perfect reconstruction property

34 _ _
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Condition for Perfect
Reconstruction

e The analysis and synthesisfilters of the
perfect reconstruction L-channel QMF bank
can be easlly determined from known
polyphase component matrices

 Example-

bank

he structure shown below Is by
construction a perfect reconstruction filter

13

w13

—

» P |3

o{f 3

—

:l?)

;T?,

—»

dP

E_l

—1
<
N
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Condition for Perfect

Reconstruction

e The output of the filter bank Is simply
yln] =dxn-2]

 Note: In this structure E(z3) =P and

R(z%) =dP™
o Consider

P=

36

e

or

Lol
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Condition for Perfect
Reconstruction

« From h(2) = E(z3)e(2) we get

‘Ho(2)| [Epo(2) Eq(2) Exp(2)|[ 1°
H1(2) |=| BE10(2) En(2) E2(2) Z_;
12(2)] | E0(2) Exn(z) Ex(z) L7

1 1 1] 1
=11 -1 1| z%t
1 0 -1 772
e Hence, -~ -
Ho(2)=1+z1t+ 7%, H(d=1-z1+77
. H,(2) =1- 22
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Condition for Perfect
Reconstruction

e Withd=4wehavedP1=

o

I
=N

|
NON

e Thenfromg'(z)=z(L- 1>e(z)R(z3) we get

' Go(2)
G,(2) _[2‘2 71 1]
' Gy(2) |

which leads to

1 1 2]
2 -2 0
1 1 -2

Go(2)=1+2z1+ 7%, G(2)=1-271+772,
- G,(2)=-2+277%
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Polyphase Representation

e For agiven L-channel analysisfilter bank,
the polyphase component matrix E(2) Is

Known E(2)E(2) =dl,

e Hence, a perfect reconstruction L-channel
QMF bank can be designed by constructing
a synthesis filter bank with a polyphase
component matrix

R(2)=[E(2)]
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Polyphase Representation

e |In general, it Isnot easy to compute the
Inverse of arational L x L matrix

* An alternative elegant approach isto design
the analysisfilter bank with an invertible
polyphase matrix E(2)

* For example, E(2) can be chosen to be a
paraunitary matrix satisfying the condition

E(QE(2 =cl, forallz

40 _ _
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Polyphase Representation

e Note: E(2) isthe paraconjugate of E(2)
given by the transpose of E(z 1) , with each
coefficient replaced by Its conjugate

» A perfect reconstruction L-channel QMF
bank s then obtained by choosing

R(2 =E(2)

41 _ _
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Polyphase Representation

 For the design of a perfect reconstruction L-
channel QMF bank, the matrix E(z) can be
expressed in a product form

E(2) =ERr(2)Er1(2)E1(2)Eq
where E Is aconstant unitary matrix, and
E/(2)=1-v,[v)]" +Z7v,[v]]"
 Intheabove v, Isacolumn vector of order
L with unit norm, i.e., [v;]"v, =1

42 _ _
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Polyphase Representation

o With E(2) expressed in the product form,
one can Sset up an appropriate objective
function that can be minimized to arrive at a
set of analysis filters meeting the desired
specifications

e Tothisend, asuitable objective functionis
given by P

.2
¢ = kZ::O Ik—thstopband‘H (ejm)‘ doo
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Polyphase Representation

The optimization parameters are the
elements of v, and Eg

Example - Consider the design of a 3-
channel FIR perfect reconstruction QMF
bank with a passband width =/3

The passbhand width of the lowpassfilter is
from O to /3, that of the bandpass filter is
from w/3 to 2n/3, and that of the highpass
filter iIsfrom 2r/3tow
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Polyphase Representation

* The objective function to be minimized here
IS thus of the form

0= 7, Ho(el) “do+ [ Ha(el*) “do
o M) ot [ Ha(e) o

e The gain responses of the 3 analysisfilters
of length 15 are shown on the next slide

45 _ _
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Polyphase Representatlon

H () H @ Hz(Z)
0 I A x\( 2T
10+ X\
m -
i /
40+
\
_50 L
_60 | | I |
0 0.2 0.4 0.6 0.8 1
ol

* The coefficients of the corresponding

synthesis filters are given by
gk[n] =h[14—-n], k=123

Copyright © 2001, S. K. Mitra
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