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Cosine-Modulated L-Channel

Filter Banks

o Originally developed to provide nearly
perfect reconstruction with aliasing

cancel

lation between adjacent channels and

assume no aliasing between nonadjacent
channels due to infinite stopband
attenuation of the analysisfiltersin all

nonadj

* Thefi

acent bands
ter banks are also known as pseudo-

QMF

nanks
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Cosine-Modulated L-Channel
Filter Banks

* Note: The assumption of no aliasing
between nonadjacent channels do not hold
In practice

 However, these filter banks provide quite

satisfactory performance if the stopband
attenuation is sufficiently high

e The pseudo-QOMF banks are derived from a
modified form of the uniform DFT filter
> banks
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Cosine-Modulated L-Channel

Filter Banks
e Let

Ro(2) = 2o Polnlz ™"
denote the prototype lowpass filter with real
coefficients and a cutoff at /2L

* We generate a set of filtersQy (z) from By(2)
by complex modulation at frequencies
(2k+)n/2L =(k+0.5)=/L asfollows:

Qc(2) = Ry(2N5t9°),  0<k<2L-1
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Cosine-Modulated L-Channel
Filter Banks

* Note: W, = g Jn/L
e Because of the complex modulation, the
filters Qc(z) have complex-valued impulse

responses

» Note: The response of Qp(2) isaright-
shifted version of the response of By(2)
snifted by nt/2L
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Cosine-Modulated L-Channel
Filter Banks

e Because of the shift, |Q, (e!?)|=]|Qy; _1_ (e!?)]
and the impulse response of Q, _1_1(2)
IS complex conjugate of the Impulse
response of Q,(z), for0O<k<2L-1
* Thepair Q(2z) and Qy 1 (2) are
combined to generate afilter with real
Impul se response
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Cosine-Modulated L-Channel
Filter Banks

e Define the intermediate transfer functions
U (2) =cQx(2), Vk(2)=cQo 1 k(2)

 ThelL analysisfilters are then formed
according to

H\ (2) = th[ﬂ]Z_Iﬂ
_akUk(Z)-l-aka(Z) O<k<L-1
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Cosine-Modulated L-Channel
Filter Banks

o Likewise, the L synthesisfilters are formed
according to

Gy (2) = ng[n]z_n

—kak(z)+kak(z) O<k<L-1

* |nthe above equations, a,, b, , and ¢, are
unit-magnitude constants
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Cosine-Modulated L-Channel
Filter Banks

e These 3 constants are chosen to provide
allas cancellation between adjacent
channels and to ensure that the distortion
transfer function has linear phase

e Consder the 2nd channel

e The output of thefi Iter Gz(z) has the
componentst(zWL)X(zWL) 0</<L-1
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Cosine-Modulated L-Channel
Filter Banks

 However, as can be seen from the figure
given below the responses of U,(2W ) and
U, (2W )do not overlap with that of U,(2)

Va(z2) Vo(zWp) Val(z WE) Vs (ZWL)

\ Us(zW7) \ (W, / Us(2) / Us(zWy)
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Cosine-Modulated L-Channel
Filter Banks

 On the other hand the responses of U,(2W,?)
and U,(2W )overlap with that of V,(2)

Va(2) Vo(zWp) Valz WIE)

\ ,
AT
N Y
! [
[ '
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Cosine-Modulated L-Channel
Filter Banks

* Ingenerd, “significant” alias components
of X (2W,") at the output of G, (2)
correspond to values of

(=(-k+1),{-k) ,k k+1
o Similarly, significant alias components
of X (2W,") at the output of Gy_1(2)
correspond to values of
=Ky, (-k+D, k-1 Kk

11
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Cosine-Modulated L-Channel
Filter Banks

o Additional reguirement: The pseudo-OMF
bank should have linear phase

 Tothisend, the distortion function T(z2) as
given by
T(2)=29(2) = { Yo Hk(2)Ck(2)
should have linear phase
« Thisisachievedif G (2)=z "H(z %)

12
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Cosine-Modulated L-Channel
Filter Banks

* |t can be shown that the constants a , by,
and ¢, , can be chosen to cancel the
common aliasing components X(zW,_ )at
the outputs of G, (z)and G, _4(z), and to
make T(z) have linear phase

* These values of the constants also lead to
closed-form expressions for the analysis and
synthesisfilters
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Cosine-Modulated L-Channel
Filter Banks

e The expressions for the analysis and
synthesisfilters are related to the prototype
filter pg[n] by cosine modulation:

h[n]=2pg[n cos[(k+ )(n—) +(— 1)

g [n] = 2pg[n Cos[(k+ )(n—) — = 1)

* Note: If the prototypefllter Po(z) hasllnear
phase, the distortion transfer function T(2)
has linear phase

14
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Prototype Lowpass Filter
Design

e The design of the cosine-modulated filter
bank reduces to the design of the L-th band
prototype lowpass filter pg[n] such that the
magnitude response [T (e!?)| of the
distortion transfer function T(2) is
approximately flat for all values of ®

e Tothisend, Py(2) should satisfy as much as
possible the following 2 conditions:

15
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Prototype Lowpass Filter
Design
(1) |P(e!) P+ [Py P=1, 0<w<”
(2) |Py(e!')] =0, w>7~

L
 The OMF bank does not exhibit any

amplitude distortion if if the top equation is
satisfied exactly

e Thereisno aliasing between nonadjacent
channels if the bottom equation holds

16
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Prototype Lowpass Filter
Design

o Asindicated earlier, aliasing between
adjacent channels is cancelled structurally

e Thedesign of an L-th band FIR prototype
filter satisfying both conditions is not
posible

o A relatively straightforward design
approach makes use of the popular Parks-

McClellan method to design the prototype
lowpass filter

17
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Prototype Lowpass Filter
Design

e Thetwo conditions are satisfied
approximately by adjusting iteratively the
passband edge to minimize the objective

function | |
p= max {|REe?)f + Ry @D —1

O<w<r/L

e Thefilter length, stopband edge at /L, and
the relative error weighting are kept fixed
during the optimization procedure

18
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Cosine-Modulated L-Channel
Filter Bank Design Example

 Example - Design an eighth-band pseudo
QOMF analysis bank using a prototype eighth-
band lowpass FIR filter of length 128

o Usingthefunctionopt filter wefirst

designed the prototype e ghth-band |owpass
FIR filter

19
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Cosine-Modulated L-Channel
Filter Bank Design Example

* Next, using the function make_bank, the
coefficients of the remaining analysis
filters, and the 8 synthesisfilters are
determined

 Figures on the next slide show the gain
responses of the 8 analysisfiltersH, (z) and
the reconstruction error in dB

20
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Cosine-Modulated L-Channel
Filter Bank Design Example
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Cosine-Modulated L-Channel
Filter Bank Design Example

Gain Response in dB

Reconstructon emor in dB
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Multilevel Filter Banks

o Multiband analysis/synthesis filter banks
can also be designed by iterating a 2-
channel QMF bank

 Moreover, If the 2-channel QMF bank is of
perfect reconstruction type, the generated
multiband structure also exhibits perfect
reconstruction property
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Multilevel Filter Banks with

Equal Passhand Widths

* A 4-channel maximally decimated QMF
bank can be designed by inserting a 2-
channel maximally decimated QMF bank In
each channel of another maximally

decimated QM F bank as shown on the next
side
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Multilevel Filter Banks with
Equal Passband Widths

~ H, (2)

L

12

i

x[n] —4

s Hy,(2)

L

12

i

«— JLevell - <« Level2 —

%‘ y[n]

Hip P42 {12 PG (@)
%—-TZ MG, (2)
Hyo(2) P42 12 PG
12pGL0
H  (2p{}2 » 12 *GH(Z)?’

«— Level 2 —

«— Levell —

e Sincethe analysis and synthesis filter banks
are formed like atree, the overall system is
often called atree-structured filter bank

25
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Multilevel Filter Banks with
Equal Passband Widths

 |Inthe 4-channel tree-structured filter bank
shown on the previous dlide, the 2-channel
QMF banks in the second level do not have
to be identical

 |f they are not identical, to compensate for
the unequal gains and unequal delays of the
2-channel systems, additional delays of
appropriate values need to be inserted to
ensure perfect reconstruction

26
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Multilevel Filter Banks with
Equal Passband Widths

* An equivalent representation of the 4-
channel tree-structured filter banks is shown

below

x[n] —¢

27

G1(2) 1
i+)—r v[n]
GE(Z) F 3

» Hy(2) pll4 14 P Gy
" Hi()pl4 114
" Hy(2) plb4 14
" Hy(2) Pl}4 {14 bl Ga(@
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Multilevel Filter Banks with
Equal Passband Widths

 The analysisfiltersin the equivalent
representation are related to those of the
parent 2-level QMF bank as follows:

Ho(2) = H{ (2)H0(2°)
H1(2) = H (9H11(Z%)
Ho(2) = Hyy (2)Hy0(2°)
H3(2) = Hy (2)H11(2°)

28
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Multilevel Filter Banks with
Equal Passband Widths

o Likewise, the synthesisfiltersinthe
equivalent representation are related to
those of the parent 2-level QM F bank as

follows:
Go(2) =G (2)Gyo(2%)

G1(2) = G| (2)Gy1(2°)
Gy(2) = Gy (2)Gyo(2°)
G3(2) =Gy (2)G11(2°)
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Multilevel Filter Banks with

Equal Passhand Widths

 Example- We design a4-channel QOMF
nank by iterating the 2-channel QMF bank
nased on the filter 12B of Johnston

e Using Program 10 10 we compute the

Impulse response of the 4 analysis filters
and then determine their gain responses as
shown on the next slide

30
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Multilevel Filter Banks with
Equal Passband Widths

@ | He HE O

31
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Multilevel Filter Banks with
Equal Passband Widths

e Each analysisfilter H,(z) inthe equivalent
representation Is essentially a cascade of
two filters, one with a single passband and a
single stopband and the other with two
passbands and two stopbands

* The passhand of the cascade isthe
frequency range where the passbands of the

two filters overlap
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Multilevel Filter Banks with
Equal Passband Widths

* On the other hand, the stopband of the
cascade is formed from three different
frequency ranges

 Intwo of the frequency ranges, the passband
of one coincides with the stopband of the
other, while in the third range, the two
stopbands overlap

33
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Multilevel Filter Banks with
Equal Passband Widths

o Asaresult, the gain responses of the
cascade In the three regions are not equal,
resulting in an uneven attenuation
characteristics

e Thistype of behavior of the gain response
can be seen in the plots shown earlier and
should be taken into account in the design
of the tree-structured filter bank
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Multilevel Filter Banks with
Equal Passband Widths

e By continuing the process, QMF banks with
more than 4 channels can be easily
constructed

e The number of channelsresulting from this
approach is restricted to be a power of 2,
i.e, L=2"

o Also, thefiltersin the analysis (synthesis)
branch have passbands of equal width /L

35
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Filter Banks with Unequal
Passband Widths

e Consider the 2-channel maximally decimated

QM F bank shown below

H; (z)
x[n] —1:
H, (z)

with aty

Ed

2

:1‘2

-~

G,(2)

H

L

+?2
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|ﬁ

12

-

Gy (2)
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Hy,
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Filter Banks with Unequal
Passband Widths

e By Inserting another 2-channel maximally
decimated QM F bank in the top subband
channel at the position marked by a* we
arrive at a 3-channel maximally decimated
QMF bank as shown below

H, (z) Pl 22—t 2 G, (2)
H, (z) #] 2 { %—»12 + Gy (27
| Hy(z) |l 2 ——1 2 | Gylz)
x[n]

Hy(z) P} 2 it 2 ls| Gulz) s ¥[n]
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Filter Banks with Unequal
Passband Widths

e The equivalent representation of the
generated 3-channel filter bank Is shown

below

Hy(2)

x[n] —4—»

H](E)

Hy(2)

—its

GQ(E)

—rT4

Gi(2)

>
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Filter Banks with Unequal
Passband Widths

he analysis and synthesis filters here are
given by

Ho(2) =H_(2H(z%), Gp(2) =G (2)G(z%)
Hi(2)=H_(2)Hn (z°), Gi(2) =G (2)Gy (z°)
H>(2) = Hy (2), Gy(2) =Gy (2)

39
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Filter Banks with Unequal
Passband Widths

* Typical magnitude responses of the analysis
filters of the derived 3-channel QM F bank
are shown below

40
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Filter Banks with Unequal
Passband Widths

* \We can continue this process and generate a
4-channel QMF bank from the 3-channéel
QMF bank by inserting a 2-channel QMF

bank 1n the top subband channel marked
with a*

H iz} 2=t 2 G, ()
Hy(2)p{} 2 t2plG(2)
Hy(2)pl] 21 2 Gylz)
) 2 P2 wl 2 Gylz) f2p G (2)
v[n]
W12 Gylz) l—»
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Filter Banks with Unequal
Passband Widths

e Itsequivalent 4-channel representation is
shown below

o Ho) P18 {18 P Gpl2)

» Hi(z) )8 18 B Gy(2)
x[n] —¢ yln]
H ) plt4 14 pl G

" Hy@pld2 =12 p{ G3)

42
Copyright © 2001, S. K. Mitra



Filter Banks with Unequal
Passband Widths

 Theanaysisfilters here are given by
Ho(2) =HL(2H (z5)H(z*)
Hi(2) =HL(2H(z%)Hy (z%)
H2(2) =H(2)HK (2%)

H3(2) =Hy (2)
» Corresponding expressions for the synthesis
filters can be derived

43
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Filter Banks with Unequal

Passbhand Widths

* Figure below shows typical magnitude
responses of the 4-channel QMF bank
derived from a parent 2-channel QMF bank

Hy H| Hs Hy

L

0 i T

T =
B4
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Filter Banks with Unequal
Passband Widths

e Because of the unequal passband widths of
the analysis and synthesis filters, these
QMF structures belong to the class of
nonuniform QM banks

e Thetree-structured filter banks have also
been referred to as the octave band QM F
banks

45
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