Theodoridis, Pattern Recognition 4e

Dear Reader,

In the following pages, we present the proof of a number of equations in
more detail compared to the book. Some of these equations were pointed
out to us by readers as well as tutors. Lengthy and technical steps toward
the proof of an equation cannot be included in the book, due to length lim-
itations as well as to pedagogical reasons, since they destruct the attention
from the main points.

Mathematics should be kept to a minimum and used only to the extend
that contribute to the better understanding of the method. Of course, what
a minimum is in such cases is not very clear and it is subjective to a large
extend. On the other hand, there are readers who would like to be exposed
to more technical details. This file attempts to address the needs of such
readers.

In case you feel that there are more equations that need further elabo-
ration, we are happy to look at them and include them in a future update
of this file. Please do contact us via email.

Sergios Theodoridis
Kostas Koutroumbas

Copyright 2009, Elsevier Inc
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CHAPTER 2: CLASSIFIERS BASED ON BAYES DECISION THEORY

Derivation of equation (2.34)

The densities p(z|w;) are multivariate normal, hence

1 1 -
p(xlwi) = W exp (—5(33 — ;) 57 (@ - “i)) :

If we replace the above expression in equation 2.33 , we have
gi(z) = Inp(x|w;) + In P(w;)

—In [W exp <—%(m )= m)ﬂ +In Plwy).

Using the properties of logarithms, we get

i) = [exp (o — )2 (@ - ) )| + 2 2] ) 4 PG

= —%(93 = 1) 37 (@ — ) + (=1/2) In(27) + (=1/2) In(|24]) + In P(w;).

Derivation of equation (2.43)
The discriminant function is
gi(x) = %MTZL' + wip
wip = In P(w;) — %uiTEflpi =InP(w;) — %H?ﬂr
The hyperplane between two classes is defined by

gi(x) — gj(x) =0
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CHAPTER 2: CLASSIFIERS BASED ON BAYES DECISION THEORY

Derivation of equation (2.46)

The discriminant function is
gi(@) = pf B + wig
wip = In P(w;) — %uiTE_lui.
The hyperplane between two classes is defined by

gi(x) — gj(x) =0

_ 1 _ _ 1 _
eul' S e +1In P(w) — E,LLZ-TZ Yy, — ,u,jTE e —In P(w;) + 5;1,?2 I,U,j =0

T «— 1 _ Pwi
@(Hi_ﬂj) X lm_i(“i_“]’)Tz l(ﬂi+ﬂj)+ln( ( )>:0
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1 A Yo P(wl) i — :u’j
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CHAPTER 3: LINEAR CLASSIFIERS

Derivation of equation (3.28)

The MSE between the desired and true output is
Iw) = Elly - a"wl = [y - a"w)*pla)ia

where p(x) is the pdf of x for which we have

2
p(@) = p(@|wi)P(w)
i=1

hence
w) = [ o wPp(el) Plon)da + [ (v T wPpelon) Plun)ida
=P(w )/( — 2Tw)?p(x|w;)dz + P(ws) /(y — zTw)?p(x|ws)dx
However for class wy, y = 1 and for class wo, y = —1. Hence,

J(w) = P(wr) / (1 — 2T w)2p(|wr)dz + Plws) / (1 + T w)2p(a|ws) d

Derivation of equations (3.65)-(3.66)

The logarithm of the likelihood ratios is modeled via the linear equations

P(w;)

In 7P(wM)

:wio—l—wiT:B, 1=1,2,..., M —1
The natural logarithm function is defined as the inverse function of the
exponential function exp[ln(x)] = z, leading to

P(w;) T

—— = exp (w0 +w; x) .

Note that the unknown parameters w;g, w;, must be chosen to ensure that
the probabilities add to one, thus

_ M-—1
Z%l ' P(w;) Z T
== - - = exp (wio + w; :L')
P(wy) i—1
M-—1
1 — P(u}]\/[ Z
_ exp wzo + w; :c)
P(WM) =1
1
<:>P(wM) =

1+ Zf\ifl exp (wio + 'wZT:c) '
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CHAPTER 4: NONLINEAR CLASSIFIERS

Equation 3.66 is derived from 3.65, as follows

P(wz)
P(wir)
& P(w;) = exp(wio + w! x)P(wyr)

= exp(wjp + 'I.UZTZL')

exp(wio + w! )

SP(w;) =
’ 1 -I—wallexp (wzo-i-'w :L')

Derivation of equation (4.74)

lo() = ml* > llp(x) — o [I*

Sllo(@)|* = 2e(@), ) + [ml* > o@)]* = 2o (@), pa) + llps2]*
S2(d(@), o) — 2(x), 1) > ([2ll® = [l1]*)

(@), (g — 1)) > 1/2(1|pal* = llaey %)
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CHAPTER 5: FEATURE SELECTION

Derivation of equation (5.22)

We know that [p(z)dz = 1,[ zp(z)de = p and E{zz’} = pu’ + =.
Hence,

— [ el { Inpelws) - plal;)}da
= (—/p(:c\wi)lnp(ac\wi)dw) - /p(m\wi)lnp(:c\qu)dx

= — H(p(x|w;)) — /p(93|wi)1np(m|wj)dm

The entropy of the multivariate Gaussian distribution is

fﬂﬂﬂ%»=—/¢@wanﬂMMx=—Emw@WA

l 1 1 _
=5 In(@2m) + 5 In|Ei| + B | 5 (x — ITOED I C TS
l 1 1 _ 1 _
=3 In(27) + 5111 |2 + §E[£L'TEZ~ L] + iﬂz’TEi Y,
1 _ 1 _
- §MiTEi lﬂi - §HiTEi lﬂi
However,
L plaTs 2] = 2E[T Tyt
3 ' X ] = 3 [Trace{z" X, "x}]
1
= §E[Trace{2;1wa}]
1
= ETrace {E[E;lme]}
1 _
= §Trace {7+ il )}
1 1
= §TraceI + 5#?2;1%
Hence

l

1 1
H(p(x|w;)) = 3 In(27) + 3 In |%;| + §TraceI.
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CHAPTER 5: FEATURE SELECTION

1 1
D;; = —§ln{(27r) |3, \} 3 Tracel — /p(:c\wi)lnp(w]wj)dx
1 1
= —5 I {2n)|Bi|} - JTracel - B, [1np(m|wj)}
1 1
:—iln{( )|§:|} 5 Tracel
E -1 L L Ty-t
— Ly, [In WGXP _i(m_“’j) j (:c—p,j)
= s {@n! s}~ STracel + 2 {(2m)'} — 2 {|z1 1)
= 9 T i 9 9 T 9 7
- ;
- B |5 - 1) % e - )
! 1 1 ! 1
= —§ln{(27r)} - —ln{]2~\} - —TraceI—i— —1n{(27r)} + —ln{]Z}\}...
1 1
+ 5B [:vTEJ fv]+ 5 u]—guzﬁ-lu ——MJE I
113 1
=3 In | || — §TraceI
lg, [«7s o L o _ s
+ Wi T| + P’] /J'] lJ’z P’] /J'] i lJ’z
2 2 2 2
However
1

1 1
iEwi |:£L'T2j_1:lt} = iEwi [Trace{:cTEj_l:c}} = §Trace {Ew
1 _
= 5TraLce {Ej ! [ + p,z-,u,iT]}

1 1
= 5%&06{25121} + olal 2 Yy,

[Ej_l:c:cT]}

i

Thus
1131
D;; = §ln |SZ| — Q’I‘raceI—l—
1 _ _
3 (Trace{E.IE.}JruiE pul — pl 2 pj ]TE-I;LZ—HL]E pj>
1 2’ 1 Tsr—1
= ln QTY cel + = TYace{E Y1+ - ( — )" B (e — )

Similarly, Dj; is derived

1=
D, = n 1=
7=y

_ 1 _
TIEi+ 5(%‘ - /J’j)TEi Ypy — k)
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CHAPTER 5: FEATURE SELECTION

The divergence d;; is

dij = Dij + Dji
N D S B D JH | . 1 . 1
=3 In |EZ| + iln |§J;| + §Trace{2j i+ §Trace{2i 3t — §Trace21 + ..

1 _ 1 _
§(Hi - Hj)sz 1(%‘ - Hj) + §(Hz - Hj)Tzi 1(%‘ - Hj)

1 _ _ 1 _ _
= §Trace{2j 'S+ 20 - oI} + 5(#1 - uj)T (Ei 1y P 1) (K — 1)
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CHAPTER 10: SUPERVISED LEARNING: THE EPILOGUE

Derivation of equations (10.18)-(10.20)

N. M
— Z Z P(ylz;; ©(t)) In (p(a;|y; /J’y7o-§)Py)

M Ny

+ Z Z In (p(ziy|y; My US)Py)

y=1 i=1
Ny M

= ZZP ylas; O (1)) In p(a;|y; p,, op) + ZZP y|@s; ©(t)) In P,

i=1 y=1 i=1 y=1
M Ny Ny

+ZZlnp zly|y,py, y —I-ZZIHP

y=11i=1 y=1i=1

We first maximize the previous equation subject to Zévi 1 Py =1, hence
the Lagrangian becomes

M
L(®,)) = Q(0:;0(t) = A _P, - 1)
y=1

where A is the Lagrange multiplier due to equality constraint. The partial
derivative with respect to P, for a specific y each time, is equal to

Ny

oL _1
ap, ~ 7 PZZPZJ\% A=0
i=1 y=1
ZZP ylz; ©(t)) + N, = \P,

=1y 11 N
-5 (Z Pylzs ©(1)) + Ny>
=1

The value of A is recovered by summing the constraint over y

1
ZPy—l— N+N1)—>>\_N+Nl
u

Hence,

Ny
P, = Nu%Nz (Z P(y|zi; ©(t)) +Ny> :

i=1
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CHAPTER 10: SUPERVISED LEARNING: THE EPILOGUE

Maximization with respect to (,uy, 05) depends on the specific form of the
involved pdfs. For the case of Gaussian mixtures with diagonal covariance
matrices (2, = o)

1 (i — p,) " (i — )
o2 — ! :
p(®ily; oy, o) = (@ro2y2 P <_ 202
Y

or

(mi - P’y)T(mi - P’y)

2
20y

l
I p(@ily; py, o) = =5 W(27) — lnoy —

Maximization with respect to p, is achieved by requiring the derivative
with respect to p, to be equal to zero:

T |22 2 PWlms ©@) np(@ily: o) + 3> mp(zily: sy 05) | =0
Py |15 = i
Ny .
9 ! (@i — py)" (i — py)
ZP(yI:ci;@(t))a—% [—5111(277) —llno, — 9205 y
i=1

0 l (ziy iy ¥ )T(ziy — K )
+>» — |—zIn(27) —Illnoy, — i 1 =0
izl opy, | 2 202
N N,
- (By — i) < by — Ziy)
> Plylai ©) g 4 Y~ =0
i=1 Y i=1 y
Ny, Ny Ny,
> Pyles OM)xi + > ziy = py (Ny + ) P(yles; @(t))>
i=1 i=1 i=1

_ SN Pyl ©1)m + S0 2y
(N, + s Pyl (1)

Y
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CHAPTER 10: SUPERVISED LEARNING: THE EPILOGUE

Maximization with respect to o, is achieved by taking the derivative
with respect to o, equal to zero:

M Ny
a ZZP ylzi; ©(1) Inp(xsly; py,00) + > > Inp(ziylys pry, 00) | =0
Ty i=1 y=1 y=1i=1
Ny T
l (i — )" (27 — 1))
P(y|z;; © ——In(27) —IIno, — Y u
Z ’ oy [ 2 Y 202
Ny T
B l (Ziy — )" (ziy — 11yy)
— |—=In(27) —Ilno, — Y L1=0
+Zaay [ 5 n(2r) —llnoy, 202
Ny T
> Pllws o) |- L4 T )
i=1 Ty Ty
Ny T
l (ziy - /“l’y) (ziy - /“l’y)
+Z T o3 =0
=1 Yy
Ny T Ny T
(i — py)" (T — py) (ziy — 1) (2iy — 11y)
ZP(y\wi;Q(t)) ; yo_g —— +Z = yag O
; Yy i=1 Yy
I Ny,
L (Ny . zp@\wi;@u»)
Ty i=1
N, N
zp s Oz — I+ 3 iy — sy — (Ny+zp<y|xi;e<t>>>
=1 =1

222&1P<y|xi;e<t>>nwz 2+ 3% iz — |2
' LN, + 0 Pyl © <t>>)

g
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