LECTURE 12:
A bit more on continuous R.V.’s,

and derived distributions

Readings:

e Review Chapter 3
e Section 4.2

Lecture Qutline:

e General formula for strictly monotonic fct

e Distribution of sum of independent R.V.’s

e Sum of independent Normal R.V.’s

e Continuous Bayes’ rule

Function of more than one R.V.

Example: X and Y are two continuous R.V.’s
with the following joint PDF:

fx,v(x’y) =1

S

Find the PDF of Z = g(X,Y) = Y/X

Fy(z) = z2<1

Fz(z) = z2>1

A general formula

Question:  Distribution of Y = g(X) 7
g is strictly monotonic

y

[yy+ 7]

[xx+ 8]
e Events

(¢ <X <z+35}
={g(z) <Y < g(z+ )}
~{g(x) <Y < g(x) + d|(dg/dx)(x)[}

e Answer:

Fx(@) = i W) 3@
where y = g(x)

The distribution of X 4+ Y

The discrete case: W=X+Y,
X,Y independent
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pw(w) = P(X4+Y =uw)
= ZP(X:z)P(Y:w—z)

= Y px(@pr(w —2)

Mechanics:

Put the pmf’'s on top of each other
Flip the pmf of Y

Shift the flipped pmf by w

(to the right if w > 0)

e Cross-multiply and add




The continuous case: W=X+Y,

X,Y independent

o fxy(z,y) = fx(@)fy(y)
y

w

w X

o« fww) = [~ fx@fy(w=c)de

Mechanics:

Put the pdf’s on top of each other
Flip the pdf of Y

Shift the flipped pdf by w

(to the right if w > 0)

e Cross-multiply and integrate

Two independent normal R.V.’s

X ~ N(pz,02),Y ~ N(uy,02), independent

fxy(z,y) = fx (@) fy (v)
2 2
1 exp{_(ﬂ?—uw) (Y= }
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e PDF is constant on the ellipse where

(z - Nz)Q
202

(y — py)?
20’5

+

is constant

e Ellipse is a circle when oy = gy

The sum of independent normal R.V.’s

X ~ N(0,02), Y ~ N(0,02), independent

Question: Distributionof W=X+4+Y 7

fw@w) = [ fx@fyw=2)da

— 1 /oo e—wQ/QU%e—(w—m)Q/Qa
2mogoy J—oo

(algebra) = ce~ 1w’

Answer: W is normal

e Mmean=

e variance=

2
ydr

Continuous Bayes rule

Ixy(@y) _ fx @) fyx(y | x)
fy () fy(y)

Ixyy(z|y) =

Common case: Y =X + N
e signal X, with additive noise N
e N independent from X

Then, fyix(y|z) = fn(y — =)

Remarkable fact:

if X and N are normal,
then fx|y(z | y) is a normal PDF,
for any given y.




